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1. Introduction

Recent decades have seen the emergence of large digital platforms, such as Alphabet, Amazon,
Apple, Meta, and Microsoft, that cater to two or more user groups. Some of their activities have
been increasingly scrutinized by legislators, competition watchdogs, and regulators. The assess-
ment of competition policy and regulatory interventions requires a framework of oligopolistic
platform competition that accommodates platforms of different sizes. What is more, asymme-
tries are also a common feature in platform markets in which Big Tech is not present. Yet, as
Jullien, Pavan and Rysman (2021, p. 522) note, “the literature still lacks a tractable model
of platform competition in asymmetric [...] markets.”! This paper aims to fill this gap by
proposing a tractable yet flexible model of asymmetric oligopolistic platform competition.

We model two-sided platforms as firms that bring together users from two groups. Each
user cares about the participation of other users in their own group and/or in the other group;
for example, competing software packeages are made available to business and private users
and each user benefits from improved functionality as the number of other users of the service
increases. Every user in the same group obtains an average maximal utility (when network
effects play out fully) that is adjusted by the realized network size plus a utility realization
of their idiosyncratic taste. Then, each user makes a discrete choice between the different
(asymmetric) platforms; in other words, each user single-homes.

We analyze a multinomial logit demand model augmented by within-group and cross-group
network effects. While, for tractability reasons, most of the theoretical literature assumes
linear network effects, we assume that user benefits depend on the logarithm of the sizes of
the two user groups; this is a specification widely adopted in the empirical analysis of network
effects and platforms (e.g. Ohashi, 2003; Rysman, 2004, 2007; Zhu and lansiti, 2012). In line
with our modelling choice, according to practitioners, the incremental benefit of additional
users typically declines with the user level; for instance, Chen (2021, p. 256) writes: ...
network effects become less incrementally powerful. In eBay’s case, when you search something
like ‘Rolex vintage daytona,” the product experience (and associated conversion rate) improve
dramatically as you add the first few listings. It might even continue with a first few dozen.
But you don’t need the search to return 1,000 or 5,000 listings ...”

Platform competition with single-homing by users of each group is of high theoretical interest
because platforms directly compete for users in each group. It formalizes real-world markets
when heterogeneous users make a discrete choice between different systems, standards, or ap-
plications, and the providers of such offers price discriminate between user groups. We gave

the example of competing software packages with offers for business and private users. Another

'We removed the words “and/or partially covered” from this quote. In Section 6 we address partial coverage.



is competing cloud storage services that are offered to business and private users where net-
work effects arise due to file-sharing possibilities. Yet another is enterprise resource planning
softwares (e.g. by Oracle or SAP) that cater to large and small enterprises.

Platforms are heterogeneous with respect to their costs and the average value they offer to
users (after controlling for network effects). They simultaneously set participation fees for both
user groups to maximize own profit. A platform’s profit function depends on the vector of all
the platforms prices for both group; in our setting it can be rewritten as one that depends on
two choice variables and their aggregates, which are the sum of the respective choice variables
over all platforms. We show that there exists an equilibrium in the pricing game and provide
several characterization results; in the case of multiple equilibria, these equilibria are ordered.
In line with earlier work (Armstrong, 2006; Tan and Zhou, 2021), the fees set by each platform
in each group feature a “discount” to attract users in the same or the other group, triggered by
within- and cross-group network effects. New to the literature, we establish conditions under
which the higher-quality platform sets higher fee for both user groups than a lower-quality
platform and conditions under which it does not. We also explore when one subset of platforms
subsidizes one user group, whereas another subset subsidizes the other group (and possibly a
third subset subsidizes neither).

Exogenous platform entry necessarily increases user surplus if there are no cross-group net-
work effects. In the presence of cross-group network effects, in our setting, one or both of the
user groups benefits from entry; however, it is possible that one of the groups suffers. Platform
entry can affect the price structures of incumbent platforms by influencing platform asymmetry
and thereby lead to incumbent platforms subsidizing one user group because of entry. Further-
more, we show by example that platform entry may lead to higher profits of the incumbent
platforms. Under endogenous entry, the number of fringe platforms depends on market condi-
tions and the strategic choices of incumbent platforms, such as changes in the quality of their
offers for at least one group of users. Under free entry such that some fringe platforms are
active, we show that, after a change of quality offered to one or both user groups by one or
several incumbent platforms, one of the two user groups is better off, while the other group is
worse off — this presents a strong and novel see-saw property.

Turning to the analysis of partial compatibility, we show that better compatibility in some
situations increases and in others decreases user surplus (assuming that there are no cross-group
network effects). With asymmetric networks, better compatibility is more likely to benefit users
by reducing the market power of a larger network. We also discuss how better compatibility
tends to affect the two user groups when they are connected through cross-group network
effects. Finally, we amend our framework in three different ways to allow for partial coverage

— that is, some users in each group choose the outside option.



Related literature To tackle asymmetric firms, in our analysis we make use of the aggregative
game property of our model. Platform competition with two-sided single-homing implies that
we cannot resort to a single aggregate in contrast to the oligopoly models analyzed by Anderson,
Erkal and Piccinin (2020) and Nocke and Schutz (2018) as well as the platform models in
Anderson and Peitz (2020, 2023). Sato (2021b) uses our framework and shows that market
share and profit are not necessarily positively correlated (which is in line with Belleflamme,
Peitz and Toulemonde, 2022). Anderson and Peitz (2020) consider a competitive bottleneck
model with logit demand that can be written as an aggregative game — compared to two-sided
single-homing such a model is conceptually simpler since competition plays out on one side only
and thus can resort to one aggregate. In our construction, profits can be written as a function of
a platform’s actions (such that there is a one-to-one relationship between actions and platform
fees) and the corresponding aggregates as the sums of the actions over all platforms; thus, we
work with a two-dimensional aggregate.

This paper contributes to the literature on (two-sided) platform competition. This literature
has examined the importance of network effects in platform competition (see Jullien, Pavan
and Rysman, 2021, for a review of the literature), typically under symmetry. Prominent works
with two-sided single-homing include Armstrong (2006), Tan and Zhou (2021), and Jullien and
Pavan (2019). Armstrong (2006, section 4) proposes a model with linear cross-group network
effects and two symmetric platforms within a Hotelling setting on each side and examines
the pricing implications of cross-group network effects;> Tan and Zhou (2021) examine the
welfare property of free entry equilibria in a model with general network effects and symmetric
platforms; Jullien and Pavan (2019) examine the pricing implications in duopoly with linear
cross-group network effects when platforms and users face uncertainty about the distribution
of users’ tastes and derive insights regarding the platforms’ information management policies.

Earlier literature focused on platforms catering to a single user group characterized by direct
network effects. Contributions within the multinomial logit setting include Anderson, de Palma
and Thisse (1992, chapter 7.8) and Starkweather (2003), both of which assumed linear direct
network effects. In these settings, there is no explicit solution for the participation game with
asymmetric platforms.> We also contribute to this literature and characterize the unique price
equilibrium under asymmetric platform competition in the special case that cross-group network

effects are absent.

2For an empirical application to the German magazine market, see Kaiser and Wright (2006). The model with
asymmetric platforms is used to analyze platform taxation (Belleflamme and Toulemonde, 2018) and the
relationship between profits and market shares (Belleflamme et al., 2022).

3The operations research literature has looked at monopoly pricing and assortment problems in the presence of
direct network effects and multinomial logit demand; see e.g. Du, Cooper and Wang (2016) and Wang and
Wang (2017). Wang and Wang (2017) include an explicit solution of the participation game when network
effects are logarithmic.



The paper is organized as follows. In Section 2, we present the model. In Section 3.1,
we characterize participation equilibria for any given platform fees and show that there is a
unique interior participation equilibrium; we identify this as the unique asymptotically stable
participation equilibrium and use this in the subsequent analysis. We then express profit
functions as functions of two choice variables and their aggregates and express user welfare as a
function of the aggregates (Section 3.2). In Section 3.3, we show that there exists an equilibrium
of the platform pricing game; all equilibria can be ranked by the surplus of one of the two
groups. We establish equilibrium uniqueness in two special cases: in the oligopoly with network
goods (i.e., absent cross-group network effects) and under one-sided pricing (Section 3.4). In
Section 4, we provide several characterization results. In Section 5, we provide comparative
statics results with respect to the set of active platforms (exogenous platform “entry”) and
incumbent platforms’ “quality” under free entry; we also mention results with respect to partial
compatibility, which is analyzed in more detail in the Appendix. In Section 6, we extend our
analysis to environments with partial coverage (details of this analysis are relegated to the

Appendix). Section 7 concludes. All proofs are relegated to the Appendix.

2. The platform oligopoly model

Consider M > 1 platforms competing for users from two groups, A and B. Each platform

i € {1,..., M} charges a membership or subscription fee p} € R to users from group k € {A, B}.
A

We consider the game in which, first, platforms simultaneously set participation fees p, p? and
then a unit mass of users from both groups simultaneously decide which platform to join. We
solve for subgame perfect Nash equilibria (applying the selection criterion detailed below). In

the following, we describe the platforms’ problem and the user demand model.

2.1. Platforms

Each platform i incurs a constant marginal cost c¢f > 0 for serving group-k users. We denote
platform #’s number of group-k users by nf and the vector of prices for group k by pF =
(p%,...,p%,). Then, we can write platform i’s profit as m;(p?, p?) = (p* — cnd(ph, p?) +
(pB — cBYnB(pA, pB), where n#t and nP depend on the fees set by all platforms for both groups.

Our main focus is on two-sided pricing — that is, each platform i charges fees p#t and p? to
each user group. We also consider one-sided pricing under which each platform ¢ has to set a
fee of zero to one group (presuming that the marginal cost is zero for that group) or a fee equal

to marginal costs (when allowing for positive marginal costs for that group).



2.2. Users

A unit mass of users from each group decide which platform to join. Each user’s utility from
joining a platform consists of a maximal value of the platform, network effects, and an idiosyn-
cratic preference for the platform. Formally, the utility of a group-k consumer from joining
platform ¢ is given by

uf = af — pF + aFlognk + pFlognl + £F. (1)

The first term af — p¥ is the expected value of platform i for group-k users if all users from both
groups joined this platform, where a¥ represents the “quality” of platform i for group k. The
second and third terms, o*logn® and 8*logn!, capture within-group and cross-group network
effects, where of € [0,1) and 8 € [0,1) are the parameters that represent the importance of
platform-specific within-group and cross-group network effects, and n¥ and nl are the number
of group-k and group-I(# k) users who join platform i. We call n} group k’s network size
of platform 7. We note that the chosen logarithmic specification of network effects is broadly
adopted in the empirical literature (e.g., Ohashi, 2003; Rysman, 2004, 2007; Zhu and lansiti,
2012).4

The last term, ¥, is an idiosyncratic taste shock from an i.i.d. type-I extreme value distri-
bution. We assume that network effects are not too strong, that is, o* + 3" < 1 hold for any
k,l € {A,B}. Thus, max{a”?, a®} + max{34, 3%} < 1. Table 1 summarizes the notation.

In e-commerce marketplaces, sellers and buyers constitute the two user groups and param-

4 = of = 0. Here, there are

eters B4 and 3P are positive, while, in the simplest version, «
mutual cross-group network effects since buyers are attracted to platforms with many sellers
and sellers to platforms with many buyers. Similarly, for two-sided matching platforms such as
heterosexual online dating platforms. On some social networks and media platforms, content
providers (who monetize engagement themselves) and consumers constitute two user groups
A and B and, in its simplest version when consumers only care about content and not their
fellow consumers, 34 and of are positive and a? = 2 = 0. For a discussion, see Belleflamme
and Peitz (2021). Our model also nests the standard logit oligopoly model without an outside
option (see e.g. Anderson, Erkal and Piccinin, 2020) — in this case, a? = of = g4 = g8 = 0.

For given network sizes n = (ﬁf‘, ﬁf )ie{l,..., My, group-k consumer demand of platform ¢ can

4Most of the existing theoretical literature postulates linear network effects (e.g., Armstrong, 2006). However,
in many real-world applications, a strictly concave function looks more plausible.



] Notation \ Meaning

k,l indices for the two user groups

a¥ group-k quality of platform ¢

ck marginal cost for group-k participation on platform ¢

pk group-k fee of platform i

n¥ group-k network size of platform i

ok parameter for within-group network effect of group £

Bk parameter for cross-group network effect enjoyed by group k

Table 1: Notation

be written as

n¥ = Pr (uf > uf for all j # 1)

Bk (R ()
S e LG ) 2)

ok ,_ Bk
5L explal o) (1) (1)

This is the multinomial demand structure with network sizes endogenously determining plat-

form quality.

3. Equilibrium analysis

We first characterize the participation equilibrium at stage 2 for given platform fees. We then

analyze subgame perfect Nash equilibria of the price-then-participation game.

3.1. Participation equilibrium

In a participation equilibrium, network sizes n¥ on the left-hand side are equal to ¥ on the
right-hand side of equation (2) for all k € {A, B} and i € {1,..., M }.

Due to complementarity in platform choices, there may be multiple participation equilibria,
an issue pointed out by Anderson et al. (1992, chapter 7.8) and Tan and Zhou (2021), among
others. In the present setting, equation (2) indicates that whenever users expect 7¥ = 0, such
an expectation will be self-fulfilling (for any platform prices). Therefore, there are several
equilibria in which some platforms are chosen with probability zero.

We will first characterize the unique participation equilibrium for a given set, M C {1,..., M},
of active platforms (i.e., platforms with strictly positive demand for both groups). We call such

an equilibrium an interior participation equilibrium when all platforms are active.



Proposition 1. For any given prices p = (pf‘, ...,pﬁ,pf, ...,pﬁ), there exists a unique partici-
pation equilibrium with the set of active platforms M C {1,..., M}. Equilibrium participation

levels are given by

exp[T* (af — pF) + TH(al — pl)]
> ienm exp[lFF(ak — pk) + TH (al — ph)]’

(3)

nf(p) =

or all 1 € and k,l € {A, wit , where an are given by
for all M and k.1 A B hl# k, where T and T b

1—da Bk
T=ai-ay =57 = " = -y g 20

Fkk —

The demand system given by equation (3) is a logit demand system augmented by within-
group and cross-group network effects. First, in the special case that o = ¥ = 0, equation

(2) gives the standard logit choice probabilities

r_ explal —pf)
Zje/\/l exp(a;? - p?) '

Second, consider the case of within-group network effects but no cross-group network effects

(a* > 0, g¥ = 0 for k € {A, B}). Logit choice probabilities are then adjusted by those
ak—pk
exXp ( — )
aF_pEN
D jer EXP ( 3 >

Third, consider the case of cross-group network effects but no within-group network effects
(a* =0, B¥ > 0 for k € {A, B}). Logit choice probabilities are then:

within-group network effects:

k _

kot gk (gl _pl
exp (al pll_g—kg? pz)>

af—ph g (al—ph)\
Zje/\/l exp (W)

k _

Finally, consider the case that o and % are positive. In a participation equilibrium, each
platform’s maximal average value in group k, a¥ — pF, is amplified by within-group and cross-
group network effects represented by I'** and I'*, respectively. These amplifiers translate the
base values of platform 7 in the two groups into the externality-adjusted group-k values of
platform 7, which is given by I'"*®(af — pF) + T'*(al — p!). In the participation equilibrium, it
turns out that users make a choice based on this externality-adjusted value rather than the
original values, leading to expression (3).

To summarize, we obtain a tractable closed-form expression of user participation with network



effects because network effects are logarithmic in network size and demand takes the logit
form.> The multiplicity of participation equilibria arises from the logarithmic specification of
the network effects, which makes an empty platform worthless for users; and thus the set of
active platforms is not pinned down. There are two ways to address this multiplicity. One
possibility is to postulate that for reasons outside the model there is a given set of active
platforms. Proposition 1 then characterizes equilibrium participation decisions for any set of
prices of these platforms.

The other possibility to address the multiplicity of participation equilibria is to propose a
particular selection criterion. We do so in the analysis that follows and provide a selection

criterion according to which all available platforms are active in equilibrium.

Equilibrium selection. We impose asymptotic stability of best-response dynamics as our se-
lection criterion and show that the only equilibrium that meets the selection criterion is the
interior participation equilibrium.® The notion of best-response dynamics corresponds to that
used in the literature of population games (Sandholm, 2010, Chapter 6.2), and the notion of
asymptotic stability is used to capture the stability of dynamic systems (Luenberger, 1979,
Chapter 5.9).

Definition 1. Define the best-response dynamics and asymptotic stability of network sizes as

follows:

1. A best-response dynamics {n;}:°, from the initial network sizes ng = (nfo,nfo)ie{le}
(L A) such that nﬁt =TF(n;1)
according to the best-response functions TF defined in equation (2) for all t € {1,2,...},

ie{l,...,M} and k € {A, B}.

is defined by a sequence of network sizes ny = (nf‘t, nft)

2. A network size vector n = (nf‘,nf 15 the limit of the best-response dynamics

)z‘e{l,...,M}
{n}52o from the initial network size ng if n = limy_,o 1.

SLinear demand models with linear network effects also give rise to closed-form demand functions (e.g., Arm-
strong, 2006). In a linear demand model with linear network effects, the choice probability can be written
as a linear function of expected network sizes, which makes it possible to use linear algebra to obtain the
closed-form solution for network sizes.

6Qther selection criteria used in the literature on network effects in industrial organization include: Pareto
dominance (Katz and Shapiro, 1986; Fudenberg and Tirole, 2000), coalitional rationalizability or coalition
proofness (Ambrus and Argenziano, 2009; Karle, Peitz and Reisinger, 2020), potential maximization (Chan,
2021), and focality advantage or attached consumers (Caillaud and Jullien, 2003; Halaburda, Jullien and
Yehezkel, 2020; Biglaiser and Crémer, 2020). This includes dynamic consideration leading to incumbency
advantages in the cases of focality and attached consumers. In our model, for any cost-adjusted quality and
any prices, a platform facing unfavorable beliefs — in the sense that each user expects the smallest number to
join that is compatible with equilibrium — will not become active. If such unfavorable beliefs are associated
with the status of being an entrant, entry will not be possible. For further work on incumbency advantage
as a result of dynamic user choice in the presence of network effects, see Biglaiser, Crémer and Veiga (2022).



3. A participation equilibrium with the equilibrium network sizes n is asymptotically stable
if for any strictly positive ng, n is the limit of the best-response dynamics from the initial

network sizes ng.

Definition 1 requires that the equilibrium network sizes are the result of best-response dy-
namics starting from any interior starting point. We call a participation equilibrium with
asymptotically stable network sizes an asymptotically stable participation equilibrium.

The following remark establishes that the interior participation equilibrium is the only equi-

librium that is asymptotically stable.

Remark 1. For any given prices p = (pi, ..., pas, p2, ..., 05,), the interior participation equilib-
rium, characterized by equations (3) with M = {1,..., M}, is the unique asymptotically stable

participation equilibrium.

3.2. Aggregates, profit functions, and user surplus

We will write platform profits as functions of own actions and corresponding aggregates. Fur-
thermore, we will write user surplus of the two groups as functions of these aggregates. To do

so, we define a platform’s own actions as

hit = exp [T (a* — p) + T*%(af — pP)] |

he = exp [P (af = pf) + TP (0] — p)],
and the corresponding aggregates H* := z]]\/i1 h;‘ and H? = Zj\il hf . Thus, group-k demand
on platform i is nf = h¥/H".

There is a one-to-one mapping between (p!, p?) and (b, hP). As we show in the following
lemma, any (A, hf) induce prices (p;'(h', hf),pP (b, hY)).

Lemma 1. Platform fees can be written as functions of (hi, hB):

pi (i h7) = ait = (1—a%)logh! + 6 log h7’, (4)
P (b h7) = af — (1—a”)logh? + 3% log hi'. (5)
Recall that platform i’s profit as a function of platform fees is (p/t — c¢)nt + (pP — cB)nP.

Since n¥ = h¥/H* and there is a one-to-one mapping between (p:!, p?) and (b2, h2), the profit

of platform i can be written as the function of the two action variables h? and AP and their



aggregates H4 and H?Z:

(ki by, B HE) = (W B 1Y) + 1P (b b HE)

107 ) 10"

hA Ar1A 1B A hB B, A 1B B
- H_ZA[pi(hi7hi)_ci]+H_ZB[pi (hi' hi) — ¢,

where we defined ITF = g—i[pf(hf, ht) — k), k1 € {A, B}, | # k.
Group-k user surplus C'S¥ is given by the expected indirect utility of users, and the aggregate

user surplus C'S' is given by the sum of the user surplus in both groups:

M
CS* = log | Y exp(af — pf)(nf)* (n)”
=1
= (1—a")log H* — p*log H',
CS = CS*+CsP
= (1-a® =32 1logH* + (1 — o — ) log HP.

We observe that user surplus of group k, C'S¥, is increasing in the aggregate of this group,
H*, and weakly decreasing in the aggregate of the other user group, H'; it is strictly decreasing
if and only if group [ exerts a cross-group network effect. Total user surplus C'S = C'S4 +CSE

increases in each of the two aggregates H* and HB.

3.3. Price equilibrium in asymmetric platform oligopoly

Using the demand system obtained from the participation equilibrium, we analyze price com-
petition between platforms using the continuation profits from the participation equilibrium at
stage 2.

We establish the following lemma that guarantees that we can restrict attention to the first-

order conditions of profit maximization when analyzing platform pricing.

Lemma 2. For any given H”, = > i hit and HE, = > WY, there is a unique solution to

the first-order conditions of profit mazimization of IL;(h, hZ h + HA, hB + HEB)) with respect

to h#t, h2, and this solution is a global mazimizer of platform i’s pricing problem.

[

The derivative of II; with respect to h#! is

O _ (L OHY BN 4 ymy 4, B ORE RO Op)
oh HA  ond (HA?) ™ U HAORY  HBOLA

N O P N
= i (1 3 ) DR — - (- g+ 503

10



Therefore, from 911;/0h{* = 0, we have the characterization of the price-cost margins:

1 hB HA 1 nB
A1 A 1B A A B 'Y A B'%
pARA Ry = = (1A Bl ) o 2 (1Al
P (b hi') = 1 Z’:( HBh;“) 1—n;4< n;“)

In the standard multinomial logit model without network effects (af = g¥ = 0, for all k €
{A, B}), the price-cost margin is equal to 1/(1 — n¥). In the presence of within-group network
effects o > 0, the price-cost margin is reduced by a*. The lower price-cost margin is due to the
larger price elasticity of demand arising from within-group network effects. In the presence of
cross-group network effect 3' > 0, the price-cost margin for group k is reduced by the amount
B'nl/nF. Here, the lower price-cost margin is due to the cross-subsidization incentive of the
platform: it expands participation of group k to attract users in group /; this is in line with the
formulas for price-cost margins in symmetric platform oligopoly reported in Armstrong (2006)
and Tan and Zhou (2021).

In an equilibrium, the system of first-order conditions

A A A A | pA B 1 A g hP H?

a; —ci — (1 —a”)loghi + plogh; = 1_—ﬁ 1—a?*—3 HE A
HA

1 hit H?

must be satisfied for all ¢ € {1,2,...,M}. As shown in the following lemma, for each i, this
defines implicit best replies (h(H4, H?), hP(HA, HB)).

Lemma 3. For any (H*, HP), the system of first-order conditions defines implicit best replies
(RA(HA, HP),hB(HA, HB)) for each platformi € {1,...,M}.

Summing over all 7, an equilibrium satisfies
M
> nEEA HP) = HY (6)
i=1

for k,1 € {A, B},l # k. With the following proposition, we establish that there exists a price
equilibrium and that, whenever multiple equilibria exist, these are ordered in terms of surplus
of one of the two user groups: if one equilibrium features higher surplus for one group, the

other equilibrium features a higher surplus for the other group.

Proposition 2. There exists a price equilibrium pinned down by aggregates (H**, HP*). When

there are multiple price equilibria for a given set of active platforms, we obtain the ranking for

11
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Figure 1: Shapes of HA(H?) and HP(H4).

any pair of equilibrium aggregates given by (H{*, H?*) and (H3*, HP*) with associated user
surpluses (CS{*, CSP*) and (CS3*, CSE*): CS{* > CS3™* holds if and only if CSE* < CSB~.

We note that the equilibrium is always unique if platforms are symmetric.” A price equilib-
rium is characterized by the pair of aggregates (H4*, HP*) that satisfy the system of equations
(6), which implicitly defines functions H*(H'). An intersection of these two functions consti-
tutes an equilibrium, as illustrated by the two numerical examples in Figure 1.8

Since the surplus of group-k users, C'S* = (1 — o*)log H* — B¥log H!, depends only on
aggregates (H*, H?), the characterization of equilibrium aggregates directly characterizes user
surplus in equilibrium. We note that in the aggregative-games frameworks of price competition
in standard oligopoly (Anderson, Erkal and Piccinin, 2020) and platform competition with
competitive bottlenecks (Anderson and Peitz, 2020) consumer surplus (i.e., user surplus on the
single-homing side) depends on a one-dimensional aggregate. Under two-sided single-homing,
user surplus depends positively on the aggregate of this group and negatively on the aggregate
of the other group.

A technical issue in the equilibrium existence results with price competition is how to obtain
a compact strategy space. In a standard logit model without network effects, Nocke and Schutz

(2018, forthcoming) directly show that setting too high prices is always unprofitable, thereby

"While we could not rule out multiple price equilibria with asymmetric platforms, all the numerical examples
that we looked at have a unique equilibrium.

8The figures illustrate the shape of (H4, HP) for parameter values o = o = 0.1 and 4 = 5 = 0.3. Panel
(a) does so with M = 2, (v, vP) = (3,0), and (v§',v¥) = (0,3), where v¥ = a¥ — c¥, panel (b) with M = 3,
(’Uf‘vle) = (0, 1) and (U?,’UQB) = (v?ﬂUBB) = (0,0.5).
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obtaining upper bounds on the strategy space. In the logit demand with within-group network
effects (i.e., a,a® > 0 but 4 = 2 = 0), we obtain an upper bound on prices in the same
way as Nocke and Schutz (2018, forthcoming). With cross-group network effects (i.e., 54 > 0
or B2 > 0), we also have to worry about a lower bound on prices because, in theory, platforms
could choose to turn towards negative infinite fees for one group and positive infinite fees for
the other group at the same time. In the proof, we show that this strategy is always dominated
as long as of + B! < 1 for k,1 € {A, B} with [ # k.

We postulated that within- and cross-group network effects are non-negative. However, in
some real-world environments, some network effects are arguably negative. We note that all of
our analysis is applicable to the case with negative within-group network effects (i.e., o* < 0).°
However, our analysis fails to apply with negative cross-group network effects (i.e, 8% < 0) due
to our logarithmic specification. With negative cross-group network effects experienced by one
group — for instance, group A — a platform can charge an unboundedly high fee to group-B
users to increase 4 logn? without bounds and then enjoy a monopoly profit from group-A
users.

In Section 4, for a given set of active platforms, we provide equilibrium characterization
results — they hold for any price equilibrium, no matter how it is selected. In Section 5, we
derive comparative statics results under a given selection rule at the pricing stage (e.g., always

selecting the price equilibrium with maximal surplus for group k with k € {A, B}).

3.4. Special cases: Network goods and platforms with one-sided pricing

It is insightful to consider the special case of only within-group network effects (i.e., 34 = 8% =
0). In other words, we analyze the asymmetric logit model with network effects. Users in one

group do not care about user participation in the other group and it is sufficient to consider

group A. The pricing equation for platform i becomes pf! — ¢ = a! — ¢! — (1 — a?)log h.

7 7 7

Thus, the first-order condition of profit maximization for group A can be written as

A
H A A

(1-— aA)HA—_hA = (ai* — M) — (1 — a™)log h?. (7)

(2 2

A

7 9

h#. Thus, for any H# there is a unique h:'(H*). Note also that the right-hand side does not

Note that the right-hand side is decreasing in h;', while the left-hand side is increasing in

depend on H#, while the left-hand side is shifted downward after an increase in H*. Hence,

h#4(H?) is increasing in HA.

9In this case, we strengthen our assumption that o + 3! < 1 to |a*|+ ' < 1 for all k,l € {A, B}, which implies
that |o¥| < 1, k € {A, B}, and ensures the asymptotic stability of the interior participation equilibria. See
footnote 24 in Appendix A.1 for detail.
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Remark 2. There exists a unique price equilibrium when B4 = B2 =0

Participation may be free for one user group. For example, shopping malls and flea markets
typically charge retailers but often not end users. This may be because platforms would charge
negative fees (or fees below costs) and such fees are not feasible. Alternatively, platforms would
like to charge end user fees but such positive fees would go hand-in-hand with high transaction
costs or are simply not possible (as in traditional free-to-air radio or television broadcasting).

As mentioned in Section 2.1, we assume that marginal costs are zero for users in the group
with a zero fee. If we were to allow positive symmetric marginal costs also for this group, our
analysis applies if instead of a zero fee we were to consider a fee equal to marginal costs.

Suppose that group B is the zero-fee group. Using the equations from Lemma 1, we then

must have

pi (b hP) =
0 = a

— (1 —a*)loght + g4 log h?,

A
5 (1—a?)logh? + pPlogh.

We rewrite the second equation as log hZ? = a? /(1 — o) + (82 /(1 — aP)) log h#* and substitute

into the first equation to obtain (with an abuse of notation, we write p/* as a function of h')

DAY — b — af—ch = (1— M loght + g4 [ O e
i i 7 7 i 7 1 — OéB 1 — OéB 7
= @' —cf' = (1—a")logh’ (8)
where @ := a; —i—laBaBando? =« —i—ﬂ

monetization (group A) do not care about the participation of the other group (i.e., 8 = 0),
prices are the same as in the model with network goods.

Platform i’s profit as a function of h' and its aggregate is

(LA A_EAA_A_h?~A A (1 _ ~A A
H(hz7H)_HA[pi(hi) ¢l HA[ ¢ — (1 —a")logh;].

Then the analysis for platforms with only direct network effects for group A applies after a

change of variables from (a#, o) to (@, @), where & < 1 holds because this is equivalent to

BABE < (1 —a?)(1 — aP) and implied by our assumption of + 8! < 1 for k,1 € {A, B},l # k.

Thus, with the change of variables, Remark 2 applies and a unique price equilibrium exists.
Remark 3. There exists a unique price equilibrium under one-sided pricing.

The equivalence between the pricing of network goods and one-sided pricing is reminiscent
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of and extends the equivalence between direct and “indirect” network effects in the literature
on network effects (e.g., Katz and Shapiro, 1985, and Church and Gandal, 1992, in oligopoly
models different from ours), where positive indirect network effects would be the case that
at=aP =0and 84 > 0,57 > 0.

Note that, in contrast to the setting with two-sided pricing, our analysis under one-sided
pricing carries over to the case with negative cross-group network effects (as long as they are
not too large), because the model can be translated into the model of network goods. This
means that our framework can cover purely ad-funded media platforms under two-sided single-

homing.

4. Equilibrium characterization results

Platform type and market share The relative position of a platform with respect to the size
of its user groups is determined by its “type” (v}, vP) where v¥ = aF — cF is the cost-adjusted
quality that platform i offers to group-k users. Thus, v* stands for the platform’s ability to
provide value to group-k users. Proposition 2 allows us to conduct an equilibrium analysis of
platform oligopoly with arbitrary heterogeneity of platforms with respect to their cost-adjusted
quality on each side. We first take a look at an individual platform (we make use of this lemma

in the proofs of several of the following propositions).
Lemma 4.

1. For any given aggregates (H*, HP) and network size (ni*,n?) € (0,1)2, there exists a type
(v, vB) such that h¥(HA, HP)/H* = n¥ for both k € {A, B}.

177

2. For any given type (v, vP

707

unique pair of aggregates (H*, HB) such that h¥(H*, H?)/H* = n¥ for both k € {A, B}.

) and network size (nf,nP) € (0,1)2 of platform i, there exists a

Furthermore, for any market structure, we can find a profile of cost-adjusted qualities that
decentralizes any market share allocation as an equilibrium outcome, as we formally establish
in the following remark, where we define the aggregate type for group-k users with v% :=
log Z]Nil exp{vF} for k € {A, B}.

Remark 4. Pick any profile of network sizes (n{*,nP)icq1. any such that Zj\il nf =1 for
ke {A,B}.

1. In addition, pick any aggregates (HA, HP) € R3 .. There exists a unique type profile
(v;“, UZB )ie{l,..., wmy such that the equilibrium network sizes and aggregates in the price equi-

librium are (n',n?)ieq1,. .y and (H*, HB), respectively.
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2. In addition, pick any aggregate type (v*,05) € R2.  There exists a unique type profile

(v, v8)icq1,. .y generating aggregate type (04, 07) € R? such that the equilibrium network

777

, A B
sizes are (n{',ny )ic1,...,M}-

In the following, we address the question of how market shares, price-cost margins, and
profits differ across different platforms when they are asymmetric with respect to what they

offer to users in one group. We start with market shares.

Comparison of market shares In the following result we establish that the platform with
higher cost-adjusted quality for one user group has a strictly larger market share for this user
group and a weakly larger market share for the other user group — it is strictly larger if at least

one of the cross-group network effects is positive (34 > 0 or 82 > 0).

A

Proposition 3. Take any two platforms i and j with vy > v; B

and v = vP. Then, in

equilibrium, n* > nf and n? > nf. Furthermore, n? > nf if and only if B* > 0 or BZ > 0.

We also note that if a platform is of higher type for both groups (i.e., v/ > UJA and v > vf),
then n/' > n' and n > n? for any network effects.

Our findings under two-sided single-homing can be contrasted to what happens under com-
petitive bottleneck in Anderson and Peitz (2020). In that setting, platforms are asymmetric
regarding the quality offered to single-homing users (say group A). When platforms set the
participation level for multi-homing users (group B) and participation fees for single-homing
users,' the higher-quality platform admits fewer multi-homing users.!! In that setting, the
higher-quality platform does not admit as many group-B users as its lower-quality competitor
and still attracts more single-homing users in equilibrium. Such a reduced number of group-B
users is attractive for the higher-quality platform because this raises revenues from the multi-

homing group.

Comparison of price-cost margins We next look at the pricing implications for users in one
user group (group B in the proposition below) when platforms are asymmetric with respect
to the other group. To do so, we consider two polar cases: (i) only the other group benefits
from cross-group network effects and (ii) the reverse; that is, the group for which platforms
are symmetric with respect to the cost-adjusted quality they offer to that group benefits from

cross-group network effects.

10We take note that the models differ not only with respect to the homing assumption. Most importantly, An-
derson and Peitz (2020) do not allow for setting the participation fee on the multi-homing side, which would
complicate their analysis because of feedback loops, but instead assume that platforms set participation
levels.

11See Proposition 11 in the online appendix of Anderson and Peitz, 2020. The relevant case for comparison is
the one with positive cross-group network effects, which means that v < 0 according to their notation.
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Proposition 4. Take any two platforms i and j with v} > U]A and vP = UJB. (i) Suppose
that 84 > 0 and BB = 0. Then, the price-cost margin from group-B users is smaller on the
higher-quality platform i than on j. (i) Suppose that f* = 0 and 2 > 0. Then, the price-cost

margin from group-B users is larger on the higher-quality platform i than on j.

Thus, it depends on the direction of cross-group network effects whether the user group that
considers two platforms to be symmetric in their cost-adjusted quality (say group B) faces
a higher or lower price-cost margin on the platform with higher cost-adjusted quality for the
other user group (say group A). If only group A benefits from cross-group network effects
(B4 > 0, BB = 0), the platform with the higher cost-adjusted quality for group A sets a lower
price-cost margin for group B than the competing platform. This lower price-cost margin for
group-B users fosters the participation of those users. Since 4 > 0, this gives an extra push
to group-A users to join this platform. The platform with the higher (ex ante) cost-adjusted
quality benefits more from this. This implies that the asymmetry between platforms for group
A is amplified.

In the opposite case, in which only group B benefits from cross-group network effects (84 =
0,38 > 0), the platform with the higher cost-adjusted quality for group A will have more
group-A participation, which translates into an endogenous quality advantage for group B,
BB (logn#t — log nf) In equilibrium, this results a higher price-cost margin to group-B users
than the one charged by the competing platform.

Next, we take a look at the user group that experiences different cost-adjusted qualities
across platforms. One might expect that the platform that offers the higher cost-adjusted
quality always has a higher price-cost margin for the same group (as would happen absent
network effects, as shown in Proposition 1 in Anderson and de Palma, 2001 and Proposition
4 in Anderson et al., 2020). While this is correct under a number of conditions (parameter

conditions or outcome variables), we show by example that this is not always the case.

B
J

group-A users is larger on platform i with the higher cost-adjusted quality v

Remark 5. Take any two platforms i and j with vZ® = vP. Then, the price-cost margin for

A
i

group network effects are not mutual, that is, (1) 4 =0 or (2) B2 =0, (3) platforms i and j

attract weakly more users from group A than B, or (4) platforms set fees above costs for both

A .
> vi' if cross-

user groups. However, there are environments in which the platform with the lower quality has
a higher price-cost margin for group-A users; this can only happen if 4 > 0, B2 > 0 and, in

equilibrium, n? > n#.

We conclude that cost-adjusted quality differences between platforms for one user group
(when cost-adjusted quality for the other user group is the same across platforms) give rise

to non-trivial differences in user participation across platforms in the presence of cross-group
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network effects. This hints at platform asymmetry shaping the pricing structures of two-sided

platforms. We can write the relation between market shares and price-cost margins as

1 nbB

A A B'%

'ui_l—nfl<1_a — _n;-A)’ (9)
1 nA

B B A'Y

Mi:l—nf <1—a - p —nf), (10)

where uf .= p¥ — ¥ k € {A, B}. Equations (9) and (10) show that it depends on the relative
size nt /nP of platform i on the two sides whether the price-cost margin is positive or negative.

These price-cost margins can be related to cost-adjusted qualities, which are the primitives
of our model. We introduce subsets of platforms M4, MB MAB C {1,2,..., M}, where
the superscript indicates the user group(s) for which the platform charges positive price-cost
margins; that is u#t > 0 u? < 0 for all i € M4, u > 0 and p? > 0 for all i € MAB, and
pd >0 and pP <0 for all i € M5,

Proposition 5. Suppose that 32 > p4, 0B =vP foralli=1,..., M, andv* > v5! > - > v{,.

Suppose also that B > 0. Consider any two platforms i and j belonging to different subsets
MA, MB, and MAB.

(i) Ifi € M4 and j € MAB | theni < j.
(ii) If i € MAB and j € MB, theni < j.
(iii) If i € M* and j € MP, theni < j.

Furthermore, MA U MB U MAB = {1,2,..., M} and for any M > 3 and * > 0, there erist

cost-adjusted qualities such that none of the subsets is empty.

In Proposition 5 it is postulated that platforms are asymmetric only with respect to the
cost-adjusted quality that each platform offers to group-A users. In such a case, platforms with
high group-A net quality regard group A as the money side and group B as the subsidy side
because they earn more from the group-A users. By contrast, platforms with low group-A net
quality regard the other group (group B) as the money side and group A as the subsidy side.
Those with intermediate group-A net quality charge positive price-cost margins to both groups.

In monopoly settings, it has been shown that platforms tend to set a high price to the group
that is less price sensitive (e.g., Armstrong, 2006; Weyl, 2010). Our novel result in asymmet-
ric oligopoly is that different price sensitivities endogenously arise due to quality differences,

thereby endogenously leading to opposing price structures across platforms.
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Profit comparison Our framework also allows for a simple and intuitive characterization of
profit rankings: the larger the net quality of a platform on one side, the larger is the equilibrium

profit of the platform.

A

Proposition 6. Consider two platforms i and j with v > v; B

and v = wvP. Then, in

equilibrium, platform v obtains higher profit than platform j.

By Proposition 3, the higher-quality platform has larger market shares for both groups and,
by Proposition 6, larger profits. The finding that market shares and profits are positively
associated has been obtained in oligopoly with price competition and differentiated products
absent network effects (Proposition 1 in Anderson and de Palma, 2001 and Proposition 4 in
Anderson et al., 2020). It thus extends to platform oligopoly with two-sided single-homing in
which user decisions in the two groups are interdependent through cross-group network effects,
when platforms are ranked by cost-adjusted quality on one side. More generally, two platforms
may be asymmetric with respect to both groups. Then, it might well be the case that a platform
with lower market shares in both groups makes a higher profit than a rival (as was mentioned
in the introduction and shown in Sato, 2021b confirming Bellelamme et al., 2022, the latter
analyzing a linear duopoly setting).

In the proof of Proposition 6, we also establish that platform profit is decreasing in the
equilibrium user surpluses (C'S4, C'SP). This fact is used in the proofs of some of the results

in Section 5.

Network goods and two-sided platforms with one-sided pricing In this subsection, we ask
which of the results in the previous section depend on the platform’s ability to charge both user
groups. We continue to assume that platforms are asymmetric regarding the primitives of the
model with respect to one of the two user groups. We then have to make the case distinction
whether or not the asymmetry is on the zero-pricing side.

As a backdrop, let us study asymmetries in the model with a network good.

Remark 6. In the model with network goods, take any two platforms with v; > v; for some

i,7. Then, in the unique equilibrium, n; > n;, p; —c¢; > p; —c¢; > 0, and II; > II; > 0.

Thus, within-group network effects do not overturn the cross-section result in oligopoly mod-
els without any network effects. We now turn to the model with two user groups and one-sided
pricing (i.e., max{34, 38} > 0) under the assumption that marginal costs are zero for the
non-paying user group (i.e., the zero pricing side).

First, suppose that the zero pricing side is asymmetric (group A according to the condition in

the previous subsection) and symmetric for users who are charged (group-B users, which implies
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that o —cP = aP —cP = vP for all i, j). We recall that the model is equivalent to the model with
network effects in group B after a change of variables to a” = a? + (8%/(1 —a?))a and &P =
aB + BA8P /(1 — a?). We write the new cost-adjusted quality as 97 := 08 + (88/(1 — a?))al.

Since marginal costs for group-A users are zero, the platform asymmetry is due to differences
in a? only. Thus, as long as users in group B care about the participation of group-A users
(BB > 0), any asymmetry of the primitives in group A gives rise to an induced asymmetry in
group B - that is, a;' > af' implies that 9 > o7 if and only if 5¥ > 0. Then, we obtain from
Proposition 6 that the platform with the larger a? has a larger market share of group-B users,
a higher price-cost margin on group-B users, and larger profits. In particular, if a platform
offers a larger quality than its rival on the zero-pricing side, this will translate into a larger
market share for the corresponding user group and, thus, also lead to a larger market share
in the market for group-B users. Otherwise, if 3% = 0, group B is isolated from the group-A
asymmetry and the outcome for group A will be symmetric: all platforms have the same price-
cost margin, the same market share, and the same profit, irrespective of the fact that n! > n]‘-‘.
This fact follows from the exogenous asymmetry v/t > v;-“, which always enters the equation,
and the endogenous asymmetry n?” > nf that reinforces the original asymmetry if and only if
4 >0 and % > 0.

Second, suppose that the zero pricing side (group A) is symmetric (i.e., af' = af = a”). The
change of variable in quality then is @7 = v? + (8%/(1 — a?))a?, which leads to a parallel
shift of o7 compared to the setting with 4% = 0. Thus, as directly follows from Proposition
6, v > UJB implies that n? > nf;, pP —cB > pf — C}B > 0, and II; > II;. For B4 > 0, the
asymmetry of primitives regarding group B also leads to an asymmetric outcome for group A;
A

that is, v > o implies that n;' > n#. By contrast, for * = 0, market shares regarding
group-A users must be symmetric because the platform does not have any price instrument for
this group of users.

It is obvious that negative price-cost margins for group-B users can not be an equilibrium
outcome under one-sided pricing because this necessarily leads to losses of the platform. This
implies that the possibility of heterogenous cross-subsidization strategies in equilibrium (as
shown in Proposition 5) can not arise under one-sided pricing.

Qualitative results on market shares under one-sided pricing are broadly in line with those
under two-sided pricing. However, there are some differences: As follows from Proposition 3, if
cost-adjusted qualities are asymmetric in group B only, then under two-sided pricing, v? > vf
implies that n! > nj.‘ if and only if 54 > 0 or ## > 0. Under one-sided pricing, we have that
nt > n;-‘ if and only if 34 > 0, since platforms lack a pricing instrument for group A. Thus,
for 4% = 0 and 4 > 0 we have that v > v? implies that n/! > n' under two-sided pricing

but nft = nf under one-sided pricing.
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The restriction to one-sided pricing does not affect the profit ranking with one exception: A
platform that provides a higher cost-adjusted quality for one user group (and the same for the
other group) makes higher profits under one-sided as well as under two-sided pricing, unless
the asymmetry applies to the non-paying group and this group does not exert a positive cross-
group effect on the paying group in which case each platform makes the same profit despite the

asymmetry.

5. Active platforms, platform quality, and compatibility

In this section, we investigate comparative statics properties of three shocks or interventions:
changes to the set of active platforms, changes to the incumbent platforms’ characteristics

under free entry, and partial compatibility.

5.1. Active platforms

We provide comparative statics results about the effects of an additional platform becoming
active. In other words, the number of active platforms increases from M > 2 to M + 1
platforms. Under the selection criterion of asymptotic stability at the participation stage, this
is equivalent to exogenous entry of a new platform. Using an alternative selection criterion,
adding a platform to the set of active platforms amounts to an additional platform overcoming
the curse of unfavorable user beliefs.!? For ease of exposition, in what follows we speak of
platform entry when an additional platform becomes element of the set of active platforms.

It is instructive to first consider the case in which all platforms are symmetric. In the
symmetric setting with M platforms, we must have n! = n? = 1/M for all i € {1,..., M} in
any equilibrium. Profit maximization requires that OII;/OhF = 0 for all 4 € {1,..., M} and
k € {A, B}. Using symmetry (n#t = nP = 1/M), first-order conditions for group A become

1 A A 1 A 1 A A _

These first-order conditions can be rewritten as price-cost margins

e ke M kol
D c _M—l(l o ﬁ),

128ee footnote 6. If an entrant can not overcome this curse, it can not successfully use divide-and-conquer
strategies according to which it would subsidize one group to make sure that some users from this group
join and monetize through the other group (on the use of divide-and-conquer strategies with homogeneous
platforms, see e.g. Caillaud and Jullien, 2003). Under our logarithmic network effect functions even extreme
subsidization does not achieve this (despite the fact that platforms are horizontally differentiated) and active
platforms do not adjust their prices in response to entry by an entrant facing unfavorable beliefs.
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for k,1 € {A, B},l # k. This leads to the equilibrium profit and group-k user surplus:

* 1 A B A B
HiM—l(z Q@ « I6] B)

CS*™ =vF 4 (1 —a* — gF)log M — (1 — oF — %)

M
M-1

Taking derivatives of the equilibrium outcomes with respect to M, we obtain

apk* (1 o Ozk _ ﬁl)

o = r—12 Y
8H*__(2—aA—aB—ﬁA—ﬁB)<O
oM (M —1)2 ’

ke _k_ pk _ k_ nal
oCcs :1 a — 6 +1 o — 3 -0
OM M (M —1)2

Thus, exogenous platform entry always leads to lower prices, lower platform profits, and higher
user benefits for each group in symmetric environments, which is in line with findings in stan-
dard oligopoly. By contrast, Tan and Zhou (2021) provide an example in a symmetric setting
such that exogenous entry can lead to higher prices, higher platform profits, and lower user
benefits.

To understand the difference between our finding and the one in Tan and Zhou (2021) of the
effect of entry on prices, consider the special case that ¢f = 0, k € {4, B}. However, suppose

k

that the network effect takes the more general form v*(n!) — in our model, v**(n}

and y*(nl) = B¥logn! for | # k. As Tan and Zhou (2021) show, the symmetric equilibrium

) = a¥lognk

price p** can be written as

M 1 YKk (e

M-1 M-1 onk
k'e{A,B}

) . (11)
nk=1/M

The first term is the standard market power term, which is decreasing in M but the second
term may be increasing in M depending on the shape of 4**(.). The second term reflects the
fact that network effects drive pricing incentives, which depend on the number of active firms.
Entry reduces the relative size advantage of a platform that attracts an additional unit mass of
group-k users since each of the M — 1 competitors loses 1/(M — 1). Holding marginal network
benefits constant, entry lowers the incentives to reduce price. When marginal network benefits
are not constant, the extent to which size advantage matters depends on the marginal network
benefit functions (9y**/ an)nle v~ Tan and Zhou (2021) use an example with linear network
benefit functions (i.e., v**(z) = a&*x for a* > 0 and ¥ (z) = B*z for | # k) and show that

p** and II* are increasing in M for M sufficiently small and a* + 3' sufficiently large (see their
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Example 4). While the second term continues to be increasing in entry in our setting (as in
the linear case), for any parameter values satisfying our assumption of + 8! < 1, it is always
dominated by the decrease of the first term, leading to price-decreasing entry.!® Intuitively,
with a strictly concave network benefit function, platforms have a stronger incentive to reduce
price after entry than with a linear network benefit function since the marginal network benefit
increases with entry.

We turn to the case in which platforms are asymmetric. We establish below that in that
case, one user group may be worse off after a new platform enters (while the other group is

better off).

Proposition 7. Consider the effect of entry of platform E on user surplus.

1. For any given entry of a platform with (a4, cs, a2, cB), there exists a value B such that

entry increases user surplus for both groups if f4 < B and BB < B.

2. For any given 4 > 0, there exists a type of platform with (a7, ca, a2, cB) such that the

minimal user surplus of group A or group B decreases after entry.
3. Entry increases the minimal or mazimal user surplus of at least one user group.

Proposition 7-1 shows that in the absence of cross-group network effects (84 = 8% = 0),
HP* increases with entry and, thus, user surplus must go up. While this property is satisfied
in standard oligopoly models without network effects, it is a priori not obvious that this result
carries over to a model with network effects. The reason is that, under full participation, the
entering platforms attract users from the incumbent platforms reducing the network benefits
of the users active on incumbent platforms due to reduced participation on those platforms.
Nonetheless, in our setting, entry of a new platform always benefits users if cross-group network
effects are zero (or sufficiently weak). Proposition 7-1 establishes this result.

In the presence of cross-group network effects, entry of a platform may hurt one of the
user groups, as established in Proposition 7-2. The proof of Proposition 7-2 indicates that an
instance of entry that lowers the user surplus for one group (group A) is the entry of a platform
that primarily caters to the needs of the other user group (a2 — c2 large, and af — ¢ small
and possibly negative); one may call such a platform “highly focused” on one user group. In
such a case, entry will not add surplus to group-A users, but reduces the market shares of the

incumbent platforms. This reduces the network benefits that group-A users enjoy from joining

13With a logarithmic network benefit function, our assumption o + 3% < 1 is needed to obtain compact strategy
sets and prevent a platform from setting infinitely low price on one side to enjoy monopoly power on the
other side.
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existing platforms or the incumbent platforms’ incentive to attract group-A users. Then, such
entry lowers group-A user surplus.

Although entry may harm one user group, Proposition 7-3 establishes that at least one user
group benefits from entry. Our results indicate that the welfare effects of entry of a two-sided
platform crucially depend on the characteristics of the entrant. Entry of a highly focused
platform may hurt the users in the group that the entrant is not focused on.

According to the existing literature, entry may hurt users even under platform symmetry
(Tan and Zhou, 2021, Example 4). Other works address welfare effects of platform entry in
different market environments. Correia-da-Silva, Jullien, Lefouili and Pinho (2019) consider
homogeneous-product Cournot platform models and examine the welfare effects of exogenous
entry. They find that platform entry may reduce consumer surplus of all groups due to the
fragmentation of network benefits; Gama, Lahmandi-Ayed and Pereira (2020) find such a re-
sult when the platform caters to a single user group and this group experiences network effects.
Anderson and Peitz (2020) consider an asymmetric platform oligopoly in which one user group
multi-homes and the other single-homes (competitive bottleneck) and study the consumer wel-
fare effect of platform entry (see footnote 14).

With mutual cross-group network effects and asymmetric platforms, entry might affect the
platforms’ price structure qualitatively differently than for networks (i.e., settings with within-
group network effects only). The following example illustrates such a possibility (we provide a

proof in the Appendix).

Example 1 (Entry into a previously symmetric market). Suppose that two symmetric plat-
forms with the cost-adjusted quality (v, vB) were active before entry. Then, in the pre-entry
equilibrium, price-cost margins are positive for both groups. If 4 > 0 and % > 0, there exist
entrant types (va,vB) such that there is a post-entry equilibrium in which p? < 0 and pg < 0

and other entrant types such that pit < 0 and u2 < 0.

Hence, the asymmetry induced by entry or exit qualitatively affects the price structure of
competing platforms. Platform entry may lead to negative price-cost margins of incumbent
platforms for one user group in situations in which their margins were positive absent entry.
Here subsidization of one group is a response to entry of a platform that is more attractive to
that group.

Next, we turn to the effect of platform entry on profit. As we show in the following proposi-
tion, entry may increase the profit of incumbent platforms due to the asymmetry it introduces

in the market. This also implies that industry profits increase.

Proposition 8. There exist pairs of a pre-entry conditions, entrant types, and a post-entry

equilibrium such that entry increases the profit of incumbent platforms. In such a case, entry
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necessarily reduces the user surplus of one group.

Proposition 8 establishes that incumbent platforms may benefit from entry of another plat-
form. For example, when incumbents are symmetric before the entry, they compete rather
fiercely with each other for both user groups. After entry, the incumbent platforms sacrifice
a large share of one user group (say group B) even though they now subsidize that group
because they offer much lower cost-adjusted quality than the entrant to this group. At the
same time, because the incumbent platforms have become less inclined to compete for group-B
users through an increase of their group-A user base, they increase their margins for group A
but lose rather few group-A users to the entrant because the entrant offers a low cost-adjusted
quality to that group. This softening of competition for group-A users increases incumbents’
profits from that group, which may dominate the profit loss in the market for group-B users.

We present a numerical example to illustrate this finding. Prior to entry there are two
symmetric incumbents. Suppose that o = of =0, 4 = 8% = 0.95, and the incumbents’ type
(v, vP) = (0,0). Since platforms are symmetric, we have that ns = n? = 0.5. Furthermore,
the two groups are symmetric, and therefore, price-cost margins are the same for the two
groups. The pre-entry outcome is reported in Table 2. Suppose now that an entrant of type
(v, vB) ~ (—7.43,9.66) enters. Thus, the entrant is more attractive for group-B users and less
attractive for group-A users. The equilibrium reflects these differences: The entrant makes large
inroads in the market for group-B users (market share of 80 %) and obtains a smaller market
share than the incumbents in the market for group-A users (market share of 20 %) even though
it subsidizes group-A users and affords a high price-cost margin for group-B users (we find that
pa ~ —3.5 and pu8 ~ 3.812). This leads to losses in the market for group-A users and profits in
the market for group-B users (II4 ~ —0.7 and 12 ~ 3.05). Entry is profitable, but also raises
profits of the incumbents’ profits, as can be seen from the last column in Table 2. The striking
feature is that the incumbents can double their profits even though they face an entrant with
a far superior cost-adjusted quality for one group such that it makes much higher profits than
each of the two incumbents. Furthermore, such entry lowers the user surplus for one group:
Before entry, the equilibrium user surplus of each of the two groups is C.S4* = C'SP* ~ —0.065.
After entry, we have C'S4** ~ —2.54 and C'SP** ~ 4.54. Hence, platform entry in this example
benefits group-B users but hurts group-A users.

This result stands in stark contrast to results in standard oligopoly: Entry increases the
competitive pressure and therefore reduces incumbents’ price-cost margins and profits. It also
stands in contrast to the setting with within-group network effects only, where entry always
increases the equilibrium aggregate, as follows from Proposition 7-1. As a result, price-cost

margins and platform profits are necessarily lower after entry in the model with network goods.

25



A B A B A B
ny |\ nr | M HT Iy | 10 1L

Pre-entry 0.5] 0.5]0.10 | 0.10 | 0.05 | 0.05 | 0.10
Post-entry | 0.4 | 0.1 | 1.27 |-3.11 | 0.51 | -0.31 | 0.20
Difference | -0.1|-0.4 | 1.17 | -3.01 | 0.46 | -0.36 | 0.10

Table 2: A numerical example illustrating Proposition 8 with o = af =0, 4 = g% = 0.95,
and (nf,n?) = (0.4,0.1).

Furthermore, since the setting with cross-group network effects and one-sided pricing presented
in Section 3.4 only requires a change of variable in the setting with within-group network effects
only, price-cost margins and platform profits are also lower after entry under one-sided pricing.
Our finding in Proposition relates to the finding by Tan and Zhou (2021) that in their more
flexible but symmetric setting, platform entry can increase incumbent platforms’ profits — in

our model, such an increase can not happen under platform symmetry.

5.2. Shocks to incumbent platforms under free entry

To study long-run competition, we consider platform competition under free entry of “fringe”
platforms. To this end, we extend the baseline framework by incorporating symmetric entrants
as in Anderson, Erkal and Piccinin (2013).

Suppose that, along with M; > 1 incumbents {1,..., M;}, Myp > 1 (potential) entrants
E = {M;+1,...,M; + Mg} choose whether to enter. Entrants e € £ all have the same
characteristics (af,a, ci, c?) and incur entry cost K > 0 to become active. Incumbent plat-
form i € {1,..., M;} has characteristics (a,a?,c, cP) that may differ from those of other
platforms. We assume that entry costs are such that some of the potential entrants become
active and the number of potential entrants M is sufficiently large to ensure that the number
of active entrants My is less than Mp. In our analysis we ignore integer constraints.

Let g (H A HB ) be the post-entry profit of an entrant when it optimally chooses the action
variables (h4,h%) and the values of the aggregates are given by (H4, HP). Specifically, the

post-entry profit with aggregates (H*, H), mp (H#, H), is given by
rp(HA, HP) .= g(hd(H, HP), hE(H", HP), H, HP)

Using this notation, we define the free-entry equilibrium as follows.

Definition 2. The number of active entrants Mg constitutes a free-entry equilibrium iof the
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triple (HA, HB,ME) satisfies the following conditions:

s (HY H?) =K = 0, (12)
My
> i (HA, HP) + Mghpy (HY, H?) = H*
i=1
My
> P (HP HY) + Mghy, (H?, H*) = H".
i=1

The definition of free-entry equilibrium endogenizes the number of active entrants Mg through
the zero-profit condition (12). Entrants sequentially enter as long as the post-entry profit ex-
ceeds the entry cost, and the entry stops once additional entry becomes unprofitable. Using
Definition 2, we examine the welfare effects of a shock to the incumbent platforms’ character-
istics, which is captured by a change in (a!, a?, ¢, cP) fori € {1,..., M;}.

In the aggregative game analysis of standard oligopoly, the zero-profit condition of entrants
uniquely pins down the value of single aggregate (e.g., Davidson and Mukherjee, 2007; Ino and
Matsumura, 2012; Anderson et al., 2013, 2020). Because consumer surplus is determined solely
by the value of the aggregate, any change in the competitive environment, such as incumbents’
investment and platform mergers does not affect consumer surplus, as long as there is at least
some entry. By contrast, with two-sided platforms, the zero profit condition (12) only pins down
the relation between the two aggregates (H*, HP). Therefore, the competitive environments
are no longer necessarily neutral to the user surplus in each group and the total user surplus.
In a particular setting, we establish a strong see-saw property: any change in the competitive
environment that increases user surplus of one group reduces user surplus of the other group.

For instance, suppose that an incumbent invests in group-A benefit a so that entrants’
network size on group A decreases. In a standard oligopoly, competition for group-A users
becomes more intense due to the incumbent’s investment. As an equilibrium response, fewer
entrants will join, so the competition for group-A users becomes weaker. In two-sided markets,
a more subtle strategic interaction may exist due to network effects and implied changes in the

two-sided pricing structure.

Proposition 9. Consider a free-entry equilibrium with a non-empty set of entrants. Then, any
change in competitive environments that increases the surplus of one user group decreases the
surplus of the other user group. Formally, holding the parameters (o, o, 4, B8 a2, a2, ¢, cB. K)
fixed, compare two free-entry equilibria that differ in other parameters. Denoting the equilibrium
surplus of the two user groups under the two settings by (C.S**, CSP*) and (CS4**, CSP*), we
have that

(C'SA* — C’SA**) (C’SB* — C’SB**) < 0.
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Because the post-entry profit of Il is decreasing in user surpluses (C'S4,CS?), to keep
15 constant, any increase in C'S“ must be compensated by a corresponding decrease in C'SB.
Hence, Proposition 6 establishes a strong see-saw property in user surplus.

The strong see-saw property poses a challenge to competition authorities evaluating business
practices of large incumbent platforms in an environment with fringe platforms. Because an
incumbent platform’s practice generically benefits users in one group at the expense of those
in the other group, the competition authority must decide which group to protect (or which
weights to give them in an overall consumer welfare ranking). In the context of e-commerce,
some authorities focus on private consumers, which is in line with a narrow interpretation of
the consumer welfare standard. For instance, Khan (2017) argues that such an approach fails
to recognize other harms of incumbent platforms’ practices, including the harm to third-party
sellers, which can be included under a broader interpretation of the consumer welfare standard.
Proposition 9 establishes that there is a conflict between what benefits users of one group and
what benefits the other. This conflict is inevitable in two-sided platform competition with free
entry of the type studied in this paper.'*

Regarding the welfare property of free entry, note that Tan and Zhou (2021) show the follow-
ing: When taste shocks follow the type-I extreme value distribution, platform entry is socially
excessive (see their Lemma 2 and the following paragraph). Thus, platform entry is socially

excessive in our model when platforms are symmetric.'®

5.3. Partial compatibility

In this section we address how an increase of the degree of compatibility affects market shares,
prices, and user surplus. Suppose that there are only within-group network effects and, thus,
each user group can be analyzed in isolation. Partial compatibility implies that a fraction of
network effects are industry-wide. It is gained if some of the functionalities are available to
all users, not only those on the same platform, but also those on competing platforms. The
fraction of functionalities available to all users is denoted by A, the degree of compatibility. An
example of a regulatory intervention with the goal to increase compatibility is Article 7 in the
Digital Markets Act (DMA) in the European Union. According to this regulation, a gatekeeper

of a number-independent interpersonal communications service must “make the basic function-

14 Anderson and Peitz (2020) establish a strong see-saw property of exogenous entry for purely ad-funded media
platforms in competitive bottleneck with advertisers exerting a negative effect on consumers. As they show,
their competitive bottleneck model fails to give rise to the see-saw property if consumers benefit from more
advertisers (i.e., advertisers exert a positive cross-group network effect on consumers) or if media platforms
can set a fee on the consumer side.

I5For conditions on the distribution function of the taste shocks that lead to excessive entry, see also Tan and
Zhou (2024, Proposition 2).
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alities of its number-independent interpersonal communications services interoperable with the

number-independent interpersonal communications services of another provider.” 16

Partial compatibility allows users to benefit from the presence of users on different platforms.

M
uf = af—pf—i—)\akloanij(l—)\)aklognf—i-sf
=1

= af —pF 4+ (1 —NaFlognf + &b

<

By Remark 2 there exists a unique price equilibrium for any value of A € [0, 1].

How does the equilibrium depend on the degree of compatibility A7 The general answer is
the following and has been formalized by Crémer, Rey and Tirole (2000) in the Katz-Shapiro
model: A decrease in compatibility increases the quality differentiation between two asymmetric
platforms. The larger platform, which relies relatively less on access to the other platform’s
users, gains a competitive advantage, and competition between the two platforms is softened.!”

Our framework provides related insights (for more details and additional insights see Ap-
pendix A.2)."® When the degree of compatibility is increased, lower-quality platforms gain
market share while higher-quality platforms lose and, thus, industry concentration (e.g., mea-
sured by the HHI) goes down (Proposition A.1 in Appendix A.2). If the asymmetry between
platforms is sufficiently small, increased compatibility reduces the intensity of price competition
and platforms set higher prices. Nevertheless, users benefit from increased compatibility since
the direct effect dominates the effect on prices. As we establish in the duopoly case, if the
asymmetry is sufficiently large, the platform with the higher cost-adjusted quality sets a lower
price after an increase in compatibility (Proposition A.2 in Appendix A.2).

Restricting attention to the duopoly case, we also address the effect of compatibility on
industry concentration under cross-group network effects, where we consider the case that
partial compatibility applies to both user groups. Confirming the result derived under within-
group network effects only, we show that compatibility mitigates industry concentration — that

is, for each user group k € {A, B}, an increase of the degree of compatibility decreases the

16The provision applies only to gatekeeper platforms and interoperability has to be offered upon the request of
another provider. As a caveat, our model does not accommodate the situation that some but not all of the
competing providers ask for interoperability.

17Crémer, Rey and Tirole (2000) study connectivity between asymmetric internet backbone providers in the
Katz-Shapiro model (Katz and Shapiro, 1985). Our statement is a minor rephrasing of their explanation that
“connectivity creates a quality differentiation between the two networks. The larger backbone, which relies
relatively less on access to the other backbone’s customers, gains a competitive advantage, and competition
between the two backbones is softened.” (Crémer, Rey and Tirole, 2000, p. 435)

8There is an important difference in the nature of the asymmetry in our framework compared to the one
considered by Crémer, Rey and Tirole (2000). In the latter, full compatibility makes platforms symmetric,
as the asymmetry between platforms is due to size differences in the installed base. By contrast, in our
framework, even under full compatibility, platforms are asymmetric.
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group-k market share of the platform that is of higher cost-adjusted quality for each user group
(see Proposition A.3 in Appendix A.2).

Multi-homing is alternative way for each user to “better” interact with other users. The
more users multi-home, the larger is the number of users any single-homing user has access to
(for given relative market shares of platforms among single-homing users). However, our model
of partial compatibility does not translate into a model in which a fraction A of users multi-
home.'® A single-homing user has then access to all single-homing users on the same platform
and all multi-homing users and the network benefit function becomes o log(A + (1 — A\)n;) =
a*log(\ Zjle n¥ + (1 — A\)n;), which is different from the function under partial compatibility,
Ao log Z;‘il n¥ + (1 —A)a*logn; = (1 — A)a¥logn;. Furthermore, we can not use aggregative
games tools in such a model. We note that under linear network effects, the two functions

would be the same.?°

6. Partially covered markets

One version to analyze partial coverage is to assume that the outside option is also subject to
the same network effects and idiosyncratic taste shocks as the for-profit platforms (for details,
see Appendix A.3.1). This applies if choosing the outside option consists in choosing a non-
commercial offer that is free of charge. For example, this could be an open-source software
platform or programming language that is provided free of charge and brings together users
and developers. Our model in Section 2 can easily be generalized and accommodate such a free
platform by adding platform 0 that offers quality af to side k € {A, B} at zero price, p§ = 0.
Following our change of variables, platform 0 then offers (h{', h¥), which is independent of
the choices offered by the for-profit platforms, and we write H* = Z@'J\io h¥. The equilibrium
characterization of the participation game (Remark 1) and the existence of a non-empty ordered
set of price equilibria (Proposition 2) generalize to the introduction of such an outside option.
Also, the characterization results of a price equilibrium in Section 4 continue to hold. In the
presence of outside options for each user group, it is of interest to consider comparative statics
in the attractiveness of the outside options: As the outside option becomes more attractive for
group-k users, user surplus of this group will increase, whereas user surplus of the other group

will (weakly) decrease.

9For example, such partial multi-homing may be the result of users having installed a multi-homing device
such a meta search engine that allows them to access all platforms or may reflect an environment in which
a fraction of users has chosen the option to be visible on different messaging services, while others declined
the offer.

20Even with linear network effects, there may be an interesting interplay between multi-homing and compati-
bility; for an analysis in symmetric Hotelling duopoly with linear network effects, see Doganoglu and Wright
(2006).
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Another version to analyze partial coverage is to assume that users make an opt-in decision
upfront — that is, before observing their taste realization and before observing the prices set by
the platforms (for details, see Appendix A.3.2). The idiosyncratic outside option is given by
af + 0ef, where, for each group-k user, i is an i.i.d. draw from some distribution function. We
adopt the concept of fulfilled expectation equilibrium in the spirit of Katz and Shapiro (1985),
where users make opt-in decisions by forming an expectation over preferences and prices, and
platforms take the aggregate user base (N4, NP) as given when they set prices. We characterize
the unique interior participation equilibrium for given platform prices (Proposition A.4) and
illustrate for the case that outside options are exponentially distributed. We also show the
existence of a non-empty ordered set of price equilibria (Proposition A.4) and that (under some
condition) price equilibria are ordered by group-k user surplus such that the C'S*-maximal
equilibrium is the C'S’-minimal equilibrium for k,1 € {A, B}, | # k (Proposition A.5). The
characterization results of a price equilibrium in Section 4 continue to hold, but comparative
statics analysis in this setting is generally complicated. Nevertheless, if users enjoy within-
group network effects alone, we provide a comparative statics result with respect to the base
attractiveness of the outside option af for group-k users. A higher af reduces user participation
and thereby the network benefits that can be obtained. As we show for the case in which the
idiosyncratic component of the outside option is exponentially distributed, given a% sufficiently
larger, this may end up hurting users overall (Remark A.3) because users who decide not to
opt in exert a negative externality on users who opt in. We note that this result is not driven
by platform asymmetry and can also be obtained under symmetry.

A third version to analyze partial coverage is to assume that users simultaneously decide
whether and which platform to join, after observing platform prices (for details, see Appendix
A.3.3). We characterize the interior participation equilibrium in this setting, in which the ag-
gregates from the setting with full coverage are replaced by augmented aggregates that account
for the fact that some users abstain from joining a platform (Proposition A.6). The existence
of a price equilibrium holds for sufficiently unattractive outside options. While this version

appears to be a natural way to introduce outside options, we did not find it tractable.

7. Discussion and conclusion

We propose a two-sided single-homing model of platform competition that features differences
between platforms with respect to (i) marginal costs incurred for users of the two groups and
(ii) the utility that platforms offer to their users (for given participation rates by both groups).
Incorporating platform asymmetries provides a rich setting that allows us to explore the relative

outcomes of platforms in equilibrium and the impact of exogenous shocks on the performance
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of different platforms. After establishing the existence and uniqueness of the participation
equilibrium for a given set of active platforms, we characterize the equilibrium outcome under
price competition and obtain insights with respect to exogenous platform entry, incumbent
platform investments under free entry, and mandated partial compatibility. Our analysis makes
use of the ITA structure of the demand systems of both groups. Platform profits can be written
as functions of two action variables and their aggregates (as the sum of action variables across
platforms).

We follow the seminal work on platform competition and focus on the platform’s pricing
decisions. Our analysis can be extended to cover other design decisions if these decisions are

L' Tt is also interesting to extend the analysis

taken concurrently with the pricing decision.?
to environments in which platforms do not charge any fees to one user group, but can use
non-price strategies that directly affect the attractiveness of the platform for that group. For
example, social media platforms typically charge advertisers but do not charge end users and
devise non-price strategies to attract end users. We leave extensions in this direction for future
work, as they are outside the canonical platform competition model.

We make the functional form assumption that network effects enter as logarithmic functions of
participation numbers of each group into user utility and that users experience taste shocks that
lead to a logit structure. This specification can be seen as a special case of the model of Tan and
Zhou (2021). While such a logarithmic specification of network effects is popular in empirical
work, most previous theoretical work assumed linear network effects and few theoretical studies
allow for more general forms of network effects (Hagiu, 2009; Weyl, 2010; Belleflamme and
Peitz, 2019; Tan and Zhou, 2021). Within the logit demand setting, any generalization beyond
logarithmic network effects would make it impossible to obtain closed-form solutions for the
participation equilibrium and to subsequently write the platforms’ profit functions as a function
of their action variables and the aggregates thereof.

In our framework, users draw idiosyncratic taste shocks that enter their utility function as a
stand-alone value. Users may also be heterogeneous regarding their sensitivity to network size
(i.e., group-k users may differ in their network effect parameters o* and 8*). Unfortunately, the
aggregative game framework is not sufficiently malleable to accommodate such a heterogeneity.
We can think of our analysis as analyzing the model in which all users are of the “average” type
(E[c*], E[8*]). Presuming that there is an equilibrium also with heterogeneous network effects,
we conjecture that our characterization results hold by continuity in a setting close to the

limit when the heterogeneity disappears. We also conjecture that introducing heterogeneous

2n this case, platforms compete in utilities @¥ = a¥ — p¥ for users and platforms may increase value a¥.

In particular, suppose that there is a one-to-one relationship between value a¥ and per-user cost cf that
depends on the user group and the identity of the platform. Thus, we can write cf(a’?), and platforms set

3
a¥ such that c¥(a¥)’ = 1.
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network effects would lead to composition effects: In the case of heterogeneous cross-group
network effects, a platform that has a higher share of group-A users than another platform will
attract relatively more group-B users that are particularly sensitive to network effects.??
Arguably, the canonical model of platform competition features two-sided single-homing.
This specification is widely adopted by the literature, including by Armstrong (2006), Jullien
and Pavan (2019), and Tan and Zhou (2021). In various real-world environments, however,
some users in one or both groups can multi-home (see e.g. Armstrong, 2006, section 5, and
Anderson and Peitz, 2020, section 6, for the former and Bakos and Halaburda, 2020, Adachi,
Sato and Tremblay, 2023, and Teh, Liu, Wright and Zhou, 2023, for the latter).”® As pointed
out in Section 5.3, when a fraction of users multi-homes, our model loses the aggregative game

property and our analysis does not extend to such more-complex homing decisions.

22Tn a model in which users are only heterogeneous with respect to their sensitivity to network size, Ambrus and
Argenziano (2009) show in a symmetric duopoly setting the emergence of asymmetric equilibria: Platform
1 sets a lower price for group-k users than platform 2 and a higher price for uses of the other group I.
Less-sensitive group-k then buy from platform 1, whereas more-sensitive group-k users from platform 2.
Because of the heterogeneity, there is endogenous differentiation between platforms, which allows them to
make positive profits in equilibrium.

23Work on ad-funded media platforms has also looked at the effects of viewer multi-homing; see, e.g., Ambrus,
Calvano and Reisinger (2016) and Anderson, Foros and Kind (2019).
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A. Appendix

A.1. Relegated proofs

k

Proof of Proposition 1. Denote y* = exp(a¥ — pF). Since, in equibrium, n¥ = nf

can be written as

(1-aky(a-ah-gks!

, equations (2)
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By substituting the last equation into equation (A.1), we obtain the equation

nt = ) I ) R
(2
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Noting that
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equation (A.3) can be written as

Finally, noting that
\TFF o\ T Kk k k Kl l
() (v) =exp(T"(al —pf) +TM(a} — 1)),

we obtain equation (3). O
Proof of Remark 1. Start with an initial value of the vector of network sizes (nfo, nfo)izl,m, M
such that nf, > 0 for all i € {1,..., M} and k € {A, B}. For each ¢t > 0, update the network
sizes based on the value of network sizes in the previous iteration ¢ — 1. Then, the sequence of

network sizes {(n})i—1,..m},_, is obtained. Here, for any ¢t > 0, we have

k k
k k k a l B
Mg Y [ -1 s
kK — Lk k l
e Y5 \ "1 M1

By taking the logarithm and letting xj := log(nf,/n%,) and o* :=log(y; /y¥), we have

zi _ g zi n ol |
zP zP obB

OéA 6A
‘]:[53 aB]'
A

If any eigenvalue of J has an absolute value less than 1, (z}, #P) converges to a unique value

(24, 28) regardless of the initial value (2, z5) (see Luenberger, 1979, Chapter 5.9). At such

value, we must satisfy ¥ = 2 | = z*. Solving for z*, we have

where

- (1_a1)0k+6k01
b a1 —al) =

Then, using the relation limy_,oo(nf,/n¥,) = nf/n% = exp(z*), we obtain the relation (A.1).
Therefore, from any starting value of positive network sizes, the best-response dynamics con-
verges to the interior participation equilibrium.

Lastly, we show that any eigenvalue of J has an absolute value less than 1. A scalar b is an
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eigenvalue of J if and only if it is the solution to the quadratic equation
¢b) =0 — (o + a®)b+ (aa? — pABP) = 0.
Because £(b) is quadratic, £(b) = 0 has at most two solutions. Furthermore, because

(1) = (1+ah)(1+a) - 8" >0,

g(w—alg) :_W%B)Z_gf‘ﬁff <0,

1) =(1-aM1-a") - p6" >0,

There are two solutions to £(b) = 0 that lie in (—1, 1), which completes the proof.?!

Thus, the demand for platform in group k is the group-k network size of platform ¢ given by
equation (3) with M ={1,..., M}. O

Proof of Lemma 1. The expressions for h#* and hP can be rewritten as

log bt = T4%(af* — p') + T2 (a? — pP),
log h? = TP (a? — pP) + TB4(a* — pf).

Rewriting the second equation as

5 _pB 1 s TP 4 4
i =P = Fﬁloghi - Fﬁ(@i —pi),
the first equation can be rewritten as
FABFBA FAB
log hit = [FAA ~ ] (a —p) + TFF log h?
FAAFBB o FABFBA FAB
- BB (aiA —pi)+ N log h?
1 1 A A ﬁA B
= (1—a4)(1 —aB) _BAﬂBFBB(ai —p;)+ Y log h;”.

1 A A 514 B

Therefore, we obtain the values of (p2, p?) as a function of (h#, h?), given by equations (4)

17"

and (5). O

Proof of Lemma 2. In the first part of the proof, we show that any solution to the first-order

HTFor o < 0, this argument goes through if |a*| < 1 for k € {A, B}.
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conditions of profit maximization is a global maximizer. Define

fA<hA hB) - 1 — hfl |: A(hA hB) . CA} -1 +04A +ﬁB h'LB HA

i Ny ) = A pi (s 1y i B _hz‘A )
hB hA HB

B(1A 1B ._ i B(1A 1B B B Al

i (hi7hi> = (1__]-]3) [pi(hivhi)_ci]_l+a + 8 HAhZB

and, thus, 9L /ORY = f5(hA, hB)/H*, for k € {A, B}. Hence, 0°IL;/(Oh})? = — LUkl 4

AR (HF)?
k
ﬁgik When the first-order conditions of profit maximization hold, the first term on the

right-hand side is zero. Then, II;(h, hZ, h2 + HA, hP + HB)) is a local maximizer in (h#, hP)

RS AR 1) 'Y 10"

at any point at which the first-order conditions of profit maximization hold if df/0h* < 0,
OfB/OnB < 0, and (0f1/0h)(OfF JORE) — (0f2)ORP)(OfE/OR#) > 0. Furthermore, this
establishes that the Jacobian of (f#, fP)) is a P-matrix. This implies that (£, f?) is injective
on (0,00)* (Gale and Nikaido, 1965) and, therefore, a solution to the first-order conditions of
profit maximization is a global maximizer, provided that such a solution exists.

To see that the three inequalities hold, first note that

oft 1 B
orn = |l = ] = (L= a1 =) - 51—

n?
1 nP np
= gt (1t =) et (1ot )

(3
K3 K3 7

B
= —— [1 —at = pBnP + pP(1 —nf)n—ix} <0,
n

which establishes the first inequality above. Correspondingly, the second inequality holds.
Third, we establish (0f7/0h)(0fB/OhE) — (0f/0hP)(0fF JOh*) > 0. To do so, note that

off 1

B

7

Without loss of generality, assume that 34 > 8. Recall that 1 —max{a?, a®} > max{s4, 3}.
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Therefore, 1 — a? > 84 and 1 — o > 34. Then, we have

hA hB af’LA ale . 8sz af’LB
"\ Okt onP  OnP o

= (1 — o4 —BBnZB) (1 —aP —BAnf)

+(1—aA—ﬂBnZB)BA(1—nf)Z—§+(1—a — B4n A)BB(l—n )

7

E |§
B Y

—(BN (1= = (7P PPy = 3487(1 = (1~ nf)

i 7

nf‘ nf
> (B = 5n7)B (1 = nf!) + (8%~ BPn)BA (1~ niB)n—B +8485(1 - n?)Qn—A
(‘i,) h ~~ 7 ~ ~
(ii) (iii)
AN2 A 2”'A B\2 B 2”B A B A B
_(5)(1_7%)”_23_(5)(1_”¢)n_z_§5(1_nz‘>(1_nz‘)-

Every pair (n#',n?) belongs to one of three cases, and we show that the above expression is

positive in each case.

1. First, consider the case with n' > n2. In this case, (i) > (iv), (iii) > (v), and (i) > (vi),

so the expression under consideration is positive.

2. Next, consider the case with n? € (n, n84/55]. In this case, we have 88n? < pAns,

so (i) > (iv), (iii) > (vi), and (ii) > (v), so the expression under consideration is positive.

3. Finally, consider the case with n? > n#34/85. Because 84 > 5, we have (i) > (vi).
Next we show that (ii) + (iii) > (iv) + (v). Noting that (ii) — (iv) > —(84)*(n#/nP)[(1 —
nM? — (1 —nP)? and (iii) — (v) > (84)?[(1 — n#)? — (1 — nP)?] when n? > n?34/38, we

have
(i) + (i) — [(iv) + (V)] = (B?[(1 = n")? = (1 = nf)?) (1 - n—B) >0,

n;

which shows that the expression under consideration is positive. This completes the first

part of the proof.

In the second part of the proof, we show that there always exists a solution to the system of

AwnB)\ (o, A

Step 1: existence of a solution A (h) to fE(h, hP) = 0 given h. Fix h* and consider the

17"

equations
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solution to the equation fP(h#, hP) = 0 given h#, denoted by hP(h#). We show that hZ(h?)

1

exists in (0, 00), for any given h#t € (0,00). To see this, note that we have

A hB + HB.
=lmlM?—d*—a—a%mgﬁﬂwﬁkgwﬂ—1+aB+gm(ﬁA " Z)
h;?—0

ht + HA WP

7

HZ. hA
= lim +—_Z[aB—cB—(1—&B)loghf3+ﬁBlogh;4]1—1+04A+BBH—7’A

Hence, by the intermediate value theorem, the solution iLZB(hf) € (0,00) exists for any given
h#t € [0,00]. Note that such a solution is unique and continuous in h#*. To see this, note that
we already established that we have 9fP/0hP < 0 whenever fZ = 0 holds. Hence, hP(h#) is
unique and, from the implicit function theorem, continuous.

Step 2: preliminaries on the existence of solution to equation f(h2, hZ(h2)) = 0. We show

that there exists a solution to the equation f(h?, hZ(h#)) = 0. As preliminaries, we show the

hE(h) = oo, limy, 4 L)

following four limit results: lim,a o hZ(hP) = 0, limya_,__ h!

R S—
70 R (k)
I A
impa_,. s5t7 = 00.

hit—oo 7B(pA) —

First, we show that limja_,q hP(h) = 0. Suppose to the contrary that limy,a_,q hE(h2) > 0.

Lo hB(h) = b2, and we would have

Then, there exists A” > 0 such that limya

lim fP(h, b (h)))

3 17

h—0
HB. B B B B B N N
- m a; —¢; —(L—a”)logh; + hl;rilo(loghi) — 1+«
= -0
< 0,

contradicting the definition of hZ (k). Hence, lim,a o hZ(h2) = 0.

Second, we show that limj,a_, hP(h) = co. Suppose to the contrary that limya_, o hP(h) <

(2
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hB(h#) = Ef, and we would have

. —B .
00. Then, there exists b~ < oo such that limya_,  h;

lim [P0, BE ()

17"

hf‘—>oo
HP, _ e
= —B—iz azB_CZB_(l_OéB)logth—l—ﬂB lim 1Ogh;’4 _1+OZB+/BA¥
= oo >0,
contradicting the definition of AZ(h2). Hence, limja_,. h?(h1) = .

Third, we show that lim,a ,[h/hZ(h?)] = 0. Otherwise, there exists a constant £ > 0 such
that limja_,o[h2/hP (k)] = k&, and

- HE
= al — ¢/ — (1 —a” = BP) lim logh?(h") + BPlogk — 1 + a” + pAx—"
hA—0 HZ,

= o0

Hence, we have lim, o[k /hE(h)] = 0.
Fourth, we show that limj,a L[R2 /AP (Y] = oo. Otherwise, there exists & < co such that

limy,a . [h2/hB (k)] = %. Then, we would have

lim [P0, RE (1))

70 '%
hf‘—>oo

. H—Bz B B B B I71B/1 A B —

= -1+ +p1 <0,

—1+04B+/8A

contradicting the definition of A”(h2). Hence, we have limy,4 Lo[hA/RE ()] = 0.
Step 3: proof of the existence of a solution to equation fA(h#, hP(h#)) = 0. To show the

17"

existence of the solution to the equation f/*(h2, h?(h)) = 0, we show that

77"

lim fARA RE(hA) > o,

h—0 Lo
lim fA(RA RE(R2) < 0.

AL
hf‘%oo

Then, the intermediate value theorem implies that there exists a solution to the equation.
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We first show that lim,a_,, AR, hB(h2)) > 0. To see this, note that we can write f as

1

HA hB hA + HA
A(pA 1B = A_ A A A pA B A gl M =i
fARA, BB = h;“—i——HAi[ai —cf — (1 —a)logh + 4loghl] —1+a” + A BB+ HE,
H4, h#
— e |t - et @ at - iognt - 5o ()]

hAhE + HE;
Hence, because limya o b2 (h) = 0 and limya_,o[h2 /AP (h)] = 0, we have

lim A2 BB (hY)

17"

h{—0
hA }}B(hA)
o A A : A A A A i A B'"i 7
= a; —c; +h1§rilo —(1—a” —=p%)]1ogh — log(ﬁﬂh?))—l—l—a + T
= oo.

Next, we show that lim,a . fA(h2, h2(h2)) < 0. To see this, note that

17

i (ki 7
it HA
= : 2 la} —al — (1 —a™)log b + plog ] — 14 a® + 8P

hP b+ HA
hit+ HE b '

hB + HB  hd

(2

hB(h{t) = 0o and limh{a_)oo[hf‘/ﬁ?(hf‘)] = 00, we have

Hence, because limya_, h;

lim fA(h P ()

(A 7
A o
hi

. (logh# : log hP(h{) hB (1) A B
- h}alinoo( I >+h}33100< R

7

= —1+a*+p8<0.

Put together, there exists a solution to the equation fA(hZ, hZ(h2)) = 0. Letting h* be

a solution and hP* := hP(h2*), the pair (h*, hP*) is a solution to the system of equations

T 0

(A4). O

Proof of Lemma 3. Let

s gh ey = (1o M A (WA B) — 1] — 14 ot 4 5P hy HA
1 7 1) Y HA 7 (R (] 1 HB h??
fNB(hA hB HA HB) o 1 — h’LB |: B(hA hB) . CB] -1 +CYB +BA hf‘ HB
i M Iy ) = OB P\ 5 1y i HAhf
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By the implicit function theorem, implicit best replies are well-defined, if the matrix

of ot
ohx  DhP
ofE off
ohA  DhP

K3 7

has a determinant different from zero. Then, taking (H4, H?) as given, we have

= | oot = e = (1= et -y - 57

oht kit Z‘ nf
1 A B B
= [—1 - (1—aA—ﬁB%) —<1—aA><1—n?>—ﬁB"—;}
i - n; n;
1 1 1— A
{0t - g (1- 1) b <o

which can be shown as follows: (1 —n)? + n# takes positive value, is minimized at nf! = 1/2,
and increasing in n! > 1/2, while 1 — (1 —n#)/n# is increasing, takes value zero at n' = 1 and
is maximized at n{* = 1. Thus, for n# < 1/2 the derivative must be negative. For n{! > 1/2,
since 1 —a?t > B2 by assumption, it is sufficient to show that (1 —n#)2+n? > 1— I%ﬁ which

is equivalent to (1 — (n)?)(1 —nf') > 0 and, thus, always holds. Note that we can write

afA 1 ((1—-nH?+nd A 5 nb pn?
A —_ 1 KA 1_ _ A _Z .
oh h;“{ Ty G e w: e
Also, we have
a:'A 1 A A an
8h{3_ﬁ[ﬁ (I—-ni)+p E}

Therefore,

s (011 0FF oftoff
P\ onAonB OB ohA

Y T PR P

A
1—n]

1_B ) 1_B Y opA i A
Qom0 -

- (-t 875 (70—t + 512
’ nd ! nP )’

% 7

Suppose without loss of generality that 84 > B8P, Then, because min{l — a?,1 — a®} > g4,
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the last expression is greater than

A B B B A A
A n; A n; n B 54 B " n; n;
e R e e L L e A e ]

i

- (st aty 470 (70—t + 525
2 n;ﬁl 7 7’LB 9

()

which, by dividing by (54)?, has the same sign as

1—nt+ ni + n n” . 1—n?+ n i +n;4
o 1—nA nd  1-nd) pA P l=nP 1-nP P

7

B, B B A
(oo 5) (oot )
n

B A B B A2 B, B B
+ nzB _n_zB 1_”?"‘”_2,45_,4 + (IZLZ) B 1_B_An_ZA n_ZA_1
1—mn; n; n; B (1_ni )(1—711-) p n; n;

R e (2
_ 2y B0nf
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which is positive if

is positive. Any value of n! belongs to one of three cases, and we show that (i) + (ii) + (iii) > 0

for each case.

1. The first case we consider is n! > nP. In this case, we have n”/n —1 < 0 and

B A B B
= (1= 20) [ - (i =) - )
B B A
2 (1= 50) [a-ntr e a -]
B A BB
= (120 oot B2t =)+ (L) = (- )
B B A
2 (1= 50 [a-ntr e a -t
= (150 [ = nre =t =)+ =y =+ ]
B B B
) c0-m(1-2)
> (1= 20 [ —uye =t =)+ (1= )2 — S =)
>0
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where, for the third equation, we used

A A A
(1 =nf)25 = (1= )5 + (nf —nf) =%
B, B A B, B A
_ A i A n; ﬁ n; A B\
_(1_nz)ﬁ_AE+(1 7%)(@ A ;4>+(”z —nz)?
B, B A B, B A B
) ﬁAn{} nlB ) 6 n? 1 ZB [ BA )
B, B B, B A A B
n; n n: n
:(1—nf‘)ﬁ—An—lA+nf—g—A—’A+(—’B 1)n;4+(1— H— nf‘+g—Anf
(2 (2 (2 1
B, B B, B A
_ A n; A i B\ A, B g
=(1- z)B—A—AJF”i —577+(1— )5~ A
and, for the inequality
B
1—nP>1- "
n;
1_ﬁ_n14>_ﬁ
g =T

2. The second case is ni* € [n?B8 /44, nP). In this case, (i) > 0, (ii) > 0, and (iii) > 0.

3. The third case is ni! < nPB8 /B4, In this case, we have n? /nt—1 > (8nP)/(84nl) -1

0. Therefore,

(i) + (ii) + (iii)

_ (”iB _1> {(1_n;‘)2_(1—n?)2+(1—n;“>ﬁi—(1—”2'3)%‘”? (ﬁi_

A
n;

which is positive if and only if

B B nA B B
(L= = (1= 0P (=) S — (1) =t (205 1)
A B, B A B . B
_ (. B A B A, Ay (B0 1 A n;
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is positive. Note that we have

A B B A B B
(n? —n) 2—nf—nf‘+n—;>+(1—nf‘)<ﬁ ni —n—’B)—nf‘(ﬁ mi —1)
n

. ﬁAnA n: BA nA
(3 K 7 7
S(nB ) gy (P00 Y (B
T ap AgAnt af) o T\ A
B ,,B A B B B
n n; n:
BApA  pB o oA i t\ pAnAd
1 1 1
B B A B
AP W S
BAnd  nb k BgA

Furthermore, for any region where n! < $8nP /34, the expression under consideration

has the following derivative with respect to n:

Therefore, for any given n? and any n! < 3n2/34, the expression under consideration

is positive.
O]

Proof of Proposition 2. To show the existence of the equilibrium, recall from Section 3.2 that
CS4 = (1—a?)log HA — BAlog H? and CS® = (1 — o) log HE — 3P log HA.

Denote market share for group k£ as a function of the aggregates by

hi(HA, HP)
’I’L?(HA,HB) = T

Noting that log h#t = logn#* + log H#, we can rewrite the first-order condition for (b, hP) as

the condition for (n#t,n?) in the following way:

B
g;“ =(1— nf)[af‘ — cf‘ —(1-a™) logniA + g4 logn? — CSYN —1+at+ 53% =0, (A5)

A
n4
— =0. A6
o0 (A8)

]

g0 =(1=nP)al = ¢f — (1= a")logn + P logn;! — CS%) -1+ a” + p*

The solution can be written as (n(CS4, CSB), nP(CS4,CSP)). By the implicit function
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theorem, we have

: ny A ~aB : gg —35?2 % 0
Sien | 5ogi (€97, CS ﬂ bieiAn) o —g‘ff; gg?: ( 0 )
Thus,
Sign (ai@) = Sign (_a%ggA gi?) <0,
and
Sign <8(;§A) - el (a%ggA gii) !
where
o ==L [ttt -y - ot -y + 72 <o
gg; niB {BA(l —nf) + ﬁB—ﬂ >0
and
a%ggA =—(1-n) <0, ai*ggB =0,
8?53 = —(1-n) <0, a%]gfl -0

_~ B
Fix C'S4 and let S (CS4) be the solution to the equation

> afcst sty =1.

Because n? is decreasing in C'SP, there exists a unique solution to the above equation, provided
that it exists. To show existence, we establish that (1) limggs_,o n2(C'S4, CSB) = 0 and (2)
limege_,_o n2(CSA,CSP) = 1.

On (1): to satisfy g” = 0 while letting C'S? — oo, we must have (1—a®)logn?—p8logn —
oo or n/nB — oco. In the former case, we must have (1 — a?)logn# — f4logn? — —oco and
thus g/ — oo, violating the requirement that g” = 0. Hence, we must have n!/n? — oo,
implying that limegs_,o n2(CS4, CSP) = 0.

On (2): suppose that C'S® — —oo. In this case, we must have n?(CS4, CSP) — 1, because
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g2 — oo otherwise.

Thus, we have shown that

lim Zn (CS4,CSP)y=0<1,

CSB -0

M
lim n?(Cs4,CSP) =M > 1.

CSB——o00 1

By the intermediate value theorem and the monotonicity of n? in C'SB, there exists a unique
value C'S (HA) that satisfies the equation Y 7/ (C’SA CSP) =1 given any C'S4.

Next, let C'S4 vary while requiring that CS? = cS (C’SA). Let C'S* — 0o. We must have
(1 —a?)logn?t — BAlogn? — —oo or nP/nt — co. Both of these conditions require that n

converges to 0. As C'S4 — —o0, we must have that for each 1,
(1—n) [(1—aM)logn! — B*1logn? + CS?]

is finite, which requires that either n”® — 0 or n* — 1. Suppose that there exists a platform
with n? — 0. This implies that C/’\SB(C’SA) — 00, because gP — oo otherwise. However, then
we must have 7 — 0 for all j, which contradicts the condition Zi‘il n? (0S4, C/'TgB(CSA)) =1
Thus, there can be no i such that n? — 0 as CS* — —oo. Therefore,

lim  #A(CSA, S (C54) =1

CSA——o0

for all i € {1,..., M}. Hence, we have

lim Zn (€54, 05" (Cs5M) =0 <1,

CSA—o00

M
lim ni(CS4, o (CSA)) =M > 1.

CSA—s—o00
=1

As the last step to establish equilibrium existence, the intermediate value theorem implies that

there exists a solution to the equilibrium condition

M

Z (€54, 08" (0s4) = 1
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To establish that equilibria are ordered in terms of user surplus, we note that

P M 9nB(CSsA,CSB)
oCS (CSA) _ _Zizl a5t . 0
oC' SA B M onB(CSA,CSB) —
Ei:1 oCSB

For any equilibrium values of C'S4, C'S* and C'S3* such that C'S{* > OS5, we have
CSP = O (0S1) < 08" (084) = 08P+,

Therefore, equilibria are ranked in terms of group-A or group-B user surplus.

There exists C'S4-maximal and C'S“4-minimal equilibria, the former of which minimizes C'S?

Y

and the latter maximizes it. O]
Proof of Remark 2. We rewrite the first-order condition as

HA
alt — M)+ (1 —a®)loghi! = 0.

F(h} HY) = (1—04A)m—( PG

By the implicit function theorem,

A OF (h{,HA)
and 2
dHA OF (h#,HA) "
ohr
. oOF hA,HA A h?HA—I— HA—hf 2 OF h?,HA B
Since ﬁ—) = (1— aA)ﬁ‘? + (1 - ozA)é =(1-a%) h?(H(A_h?)Q) and 20D
A
—(1- ozA)(Hi—ihA)Q, we have that
h
dhi! __ GRE (h)? 0
dHA T A E T O AHA § (HA A

Vet

A
The equilibrium is unique if ), ﬁl—g < 1. Hence, uniqueness is implied by inequalities

(e _on

WAHA + (HA — by = HA
for all i € {1,..., M}, which is always satisfied. To see this, we rewrite inequalities as hi! H* <
hAHA + (HA — h#')?, which is equivalent to 0 < (H# — h')2. O

Proof of Lemma 4. Consider the type (771, 7¥) with 7% := exp{vF} of a platform that is consis-

tent with the network sizes (n,n?) and aggregates (H4, H?). Solving explicitly for (77, 77)

7 )
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that is consistent with (n', n?) and (H#, H?), we obtain the solution

k 17k 1—ak l
k_ (nZH) 1 k 1y
= o [ ()|

This completes the first part of the proof.

By rewriting the above equation, we obtain
kl

I\ T Kk 1 Kl k
k (Tz> (Tz) I k 1y I ! kT
S e R e G ) R T

7 7 % 7 %

which completes the second part of the proof. O

Proof of Remark 4. Again, we rewrite platform types as (77, 77) with 7 = exp{vF}. The first

part of the proposition immediately follows from Lemma 4-1.

-----

where

For the chosen (74, 75), set

we obtain the type profiles (77, 7%);eq1,..ary such that Z;‘il 7 = 7%, and the network sizes are
consistent with the aggregates (H#, H?), which completes the second part of the proof, with

% = log 7. O

Proof of Proposition 3. Using the definitions of f;’“ from the proof of Lemma 3, we have

TA
oy
ok
v =0

2

By applying the implicit function theorem, it can easily be shown that, as an equilibrium
property, 0ht/Ovt > 0 and OhP/Ov > 0, as shown in the proof of Lemma 2. We note

20



that OhP /ov#t > 0 if and only if 34 or B is strictly positive. Since n¥ = h¥/H*, the result
follows. H

Proof of Proposition 3. Recall that the definitions of (g7, g?) from the proof of Proposition 2

are given by

B
gt =1 —nMa — ¢ — (1—a?)logn + fAlogn? — CS4 — 1+ o + P2 =0, (A7)
n;

A
g% =(1 = nP)[af — ¢ — (1 — aP)logn? + fPlogn? — CSE] — 1 +aP + ﬁAZ—g —0. (A8)

%
)

These equations imply that v/ := a! — ¢ and CS4 affects n#t and n? only through v — CS4.

Hence, we have dnf/ovf = —0onk/0CS* > 0 and dnk/ovl = —onk/0CS' > 0 for k,l = A, B,
where Onf /0CS* < 0 Onf/0CS' < 0 are established in the proof of Proposition 2. O

Proof of Proposition 4. We consider v > 1)3-4, vB = vf . Denote price-cost margin for group k

as uf = pF — cF. Differences across platform depend only on cost-adjusted quality offered to

group A, v = aA — c¢;*. We can write

’UA
Iuk(vA) +fA du( )dA

(2

u(v)

Hence, u ( ) > pF(vf) is implied by > 0. We express price-cost margins using the

formula from Lemma 1.

pB(hA hB) — B = 0P — (1 — aP)logh? + pPlog .

17"

. .. .. Tk . d[p? (h{ hPH)—cP]
As in Proposition 3, we use the definitions of f* from the proof of Lemma 3,Sign

A
dvf

81);4 hf‘ vi hf

A
Sign (8}” 87 _ %I_O‘B> which is positive if and only if

oo (U 0y - g s o (-0 [8 - ) + 0015

is positive. This simplifies to

n? ni

A
: [ BﬂB<1_aB)_/BAﬁBl

B2l By oA i
) B+(5)n—3—(1—a)ﬁ 5> 0.

% Y ) )

We now prove the statement of the proposition. (i) If 34 > 0 and ﬁB = 0, the above

expression is negative, so p? — cP is decreasing in v}, implying that p? B < pf — CjB when
v > v- and v? = vf. (ii) If 8% > 0 and B4 = 0, the above expression is positive, so pP — P
is increasing in v#, implying that p? — c? > pf — cf when vt > 21]‘-4 and v? = UJB . ]
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Proof of Remark 5. Similar to the proof of Proposition 4, this proof relies on small variations

of the cost—adjusted platform quality, to establish how the price-cost margin given in Lemma

1, pMhit, hP) — ¢ = vt — (1 — a?)log ht + B log hP, reacts. We have
A+ B+y _ A
Slgn (d[ [ (h ,pjl ) Cz ])
dv;
1 A1 9fF
—(1—-a )hA ahB — 6 B BhA

= Sign|1-(1-n _
8 A= m) 5o o ap
Ohf OhB  OhP onA

After some calculations, it turns out that the above expression has the same sign as

A

A A A B@ B( B B Al _ By(1_ ..B
ni(p; —c')+p A n;(p; —¢)+ 8 nB+<1 a”)(1—mn;)

7

— 3 [W‘ + 872 (1 - nf)
5 (1 —nP)nf + (nf! —nf)? ny AT ny
G e e (e A [ R A O e
B
- [ﬂA s —i,(l—nf")}
n;

where we obtain the last expression from the following calculation:

A B A
e+ (1- 75
(n1)*(1 — a®) + BPnf (1 — 2nf)
(1 —nMnd
(nM)? +nP —2ninP
(L = nf)nit

(L —n)n + (nf! —ni’)?

]

(1 =nf)n!

> BP

BB

In the following cases, d(p — c)/dv* positive:

1. When 3P = 0: this is straightforward.
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2. When 84 = 0: to see this, for 44 = 0, the expression under consideration is

A B A B
1 ﬁln?(l —a?) +5B% (1 — 1 ﬁln?)] (1 ﬁlniB +1-— nf) (1—aP)
B
—(BPPEL (= nP)
> (ﬂB)QinzB + (1 _nzB)2 — (1 _nzB>
n (1 —n)nf
> 0.

3. When nt > nP: to see this, the expression under consideration is greater than

B\,,B AN A

5 (1 —ni)n; 4 (1 =ni)n] B B
1—n:
7 e 1o 70— )
B[aa, =np) pnf B
— D) —pl
B
> {5A +B87 (1 - nf)}
because (1 —nP)/(1 —n#) > 1 when n > nB.
Therefore, if corresponding values of (n, n?) satisfy n* > n? for all v4 € [UJA,UZA], we

have the desired result. To establish this, it suffices to examine that d(n?/n?)/dv?* > 0

at v4 such that n? = n®. To see this, note that

Sign

Sign

Sign

Sign

A
i

B
n;

.
K
(1 0h 1 ORP
L ht Ovt hB Ovd
1 0fB

h OnP

ot = cf

7

|

1 o
hE on
)+ (1 —=n)(1—a” =57,

which is positive as long as p! — ¢! > 0, which always holds when n#t > nP. Therefore,

along the path from UJA to v

values of v#, holding other

increases on this path, establishing that p! — ¢! > p]A —

B
¥ 7
parameters fixed. Therefore, p* — ¢* also monotonically

A
Cj.

A if nf > nP, n? > nP always holds for the intermediate

7 )

When p2t —c > 0 and pP —c? > 0: we consider the case where n? > n! because we have

established the desired result in the case where niA > nf. First, it is straightforward that

A

)

a small change in v

increases p;' —c{! in this case. What needs to be shown is that p —c

A

()
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A

continuously increases as v; A

increases more. To see this, note that a small increase in v;
increases ni' /nf if p! — ¢ > 0. Therefore, the sign of p/ — ¢!, which is determined by
the sign of 1 —a? — BBnB /n#, is positive for all v € [v, 7] as long as p! — ¢ > 0 at

. Furthermore, because p? — c¢? > 0 whenever n? > n#t. Put together, at any point on
the path [v#, 9], the signs of p/t — ¢! and p? — cP are positive, implying that the local
increase in p;' — ¢;* continues until the end. This establishes that p;' — ¢/ > p?t — ¢il.

The remaining case is 84 > 0, 3% > 0, and n? > n. It turns out that d(p* — c¢)/dv < 0

may hold in this case. We show this by example. Suppose that g4 = p? = 0.995, o4 =

B =0, n! =0.2, and n? = 0.25. By Remark 4, we can obtain these participation levels with

appropriate choices of the primitives of the model. Then,

A B A B A B
; A BT n; n; B ATy ;

{ 1—n
B | pA BNy _ B
B9 | B4+ AP (1= nf)

i

= —0.000911406.

Proof of Proposition 5. We note that

o (n . ont onP
Slgn{av-A <ﬁ—’B>} = Sign (8 i nP — avAnf)

(2 3 3

B agz A)

= Sign ;
& K (9n‘4 M

gn

(
(1n (1—a @A) (1—nB)(1 - aP _53))7

where

niBB(l_a ﬁA) +(1=nP)(1-a” - pP),

which is strictly positive whenever p? — c? > 0.

Since l
Sign (Pf - Cf) = Sign (1 —a - 5lm) )

A

there exists a critical value 7 such that p? — ¢P < 0 if and only if v/ > v, For vt < o4,
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A

i -

n/nP is monotonically increasing in v*. Hence, there exists another critical value vt < v/
such that p#t — ¢ < 0 if and only if v < v#. The cross-section comparison then implies the

statement of the proposition. O

Proof of Proposition 6. Using the pricing formula, we can write the profit of each platform as

a function of its network sizes:

”24 A B”f T B A”ZA

(2

Noting that

dgP 1 n
s == [nE0F — )+ (- 0P 1) 4 225 <o,
dgP 1

n;!
= [P0 48] 20

where (g4, gP) is define in the proof of Proposition 2, and using the implicit function theorem,

we have that

871;4 ogP B B By 1-n?f n{‘,BA
onB 948 1—nB A )
i BT =B + 53
which can be rewritten as
l—nf B g4
o ond A BT+ E
A~ oA 1_nB AgA
ool Ol — P+ (1 am) S 1 A
Hence, O11; /vt = (Ont/OvA) ATL,;, where
A B A A
n? n: l1—«
All, = —IA 1—04A—BB—ZA + i b =
(1 —ni)? n 1 —n 1 —n;

1-nB A
nilﬁB—i_% nZB 1 B 5An;4 +1—OéB BB
— a —_— — —
pP—cP4+(1- aB)l;giB + ?:f; (1 —nf)? ny L—nf 1-nf

A
8”? if AIl; is positive.

Therefore, O11;/0v* has the same sign as o
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The following calculations show that this is always the case. All; has the same sign as

1—nP  nipt n np 1—a? B4
B B 7 [ 7 A B'%
(p’ —a - ah = +<n5>2) {a—w (1““ 7 F)* 1

g 1—nd 1-n!
1 — A B A 1— B B
+ 5 +BB nZB 1_O‘B_6An39 + aB_ 0 A
ni n; (1 —n;)? n; 1 —n; 1 —ni
1—nB nipA nA nbB 1—a?
pf—cfg—l— —aP)—5+ 4+ ’BB (1ot =B ) + y
n; (ny)? (1 —mni)? n; 1 —n;
(1_aB)1_niB+n%46A
1—nf T Py

[

1—nB B A 1—aB B
+ Anz BB n; = 1 — OéB o 5An_zB + o o 5 -
n (1 —n)? n

1—nf 1-n

B_CB+(1 B) —n/ Aph n;' l_aA_BanB 1—at
C nf T PP) L0 n)? r)o e
A A ApA
_|_ ﬁ — ( B) _ B = Bﬁ
(1 —=n7) 1—mnp (n7)?
1—nfgﬁB np L 5An 1—aB_ BB
ni (1 —nP)? 1—nf 1-nd
pr o pP
B 1 _nA
> BQXI_D
where
nA
b% l_nzB+1—nfB+ ni ni 1 n? n 1 1 1 ni
I 1—nB nB (nB)2 (1 —n)2 ni 1—nd 1—nP (nB)?
1—nP n? ni N 1 1 1
nB | (1—nB)? np 1—-nP 1-nt] nB01-nd)
nA nA
1 L 1 (nA nA nB 1=T5 1-nB nA
A 5t & _ZB_l + ZA 1__1,4 B BZjL éz
1-— n; 1 - n; n; n; (1 - )2 n; 1- n; n; (nz )
n 1 1 ni n 1
1—nP nB n?

Thus, if X7 > 0, we have that AIl; > 0.
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We define Yy := (1 — n)2(1 — n?)(nP)2 Xy, which has the same sign as Xp.

i

Yo = (1-n) [n?(nf —n) +

= (1=nM[1=nH1=nPn +nl 0 —nl)+ (1 —nl)(n} —np)]

(2

[0 (7 = i) + (1= n)ni]

)
= (1-n) [nzA —3nnP + (14 nA)(nB)Z}

+(nf = nf) [0 (07 = nd) + (1= nf)nf]

P — () + 30! + (nB)? — (2 (nP)’

+(ni' = n?)[nf! = 2nind + (n7’)?]

P dnitng + ()0} + 30 (nf)? + (nP)? = (nf)?(nf)? — (nf)?

= 0 [1—dn? +3(n7 ")+ ()07 + (nf)? = (n)*(n?)* — ()’

K3 2 (3 (3

H(1=n?)(1 = 3n07) + () + nfInf (1 —n)

(2

= (L=nf) [n{'(1 =3n7) + (nf)* +nf (n}')’]

= (1=n8) [(nB)? = 20208 + () + n — () — nf*n® + 0P (n)?]
= (1= nf) [(0f —nf) + (1 = ) (1 —nP)]

> 0.

This establishes that AIl; > 0, which completes the proof.
Note that because the profit depends on v¥ only through v¥F—C'S* (see the proof of Proposition
3), the profit decreases in C'S*, which is used in the proof of Proposition 9. n

Proof of Remark 6. Suppose that v; > v;. The result n; > n; follows from Proposition 3;
pi —¢; > p; — ¢; follows from case (1) of Remark 5; and 1I; > II; follows from Proposition 6. [

Proof of Proposition 7. We show each of the statements of the proposition.

1. Fix the characteristics of an entrant (a4, ¢4, a2, c2). Then, we show that if max{s4, 3%}
is sufficiently small, the user surpluses for both groups increase with entry. To see this,

consider the limit case of zero cross-group network effects (i.e., 34 = 3% = 0). When g4 =
BB =0, n¥(CS4,CSP) depends only on CS*. We have n(CS4,CSP) = n(CS4,0)
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and nP(0,CS®). Given the pre-entry equilibrium user surpluses (C'S4*, C'S5*) and
Zn (C'S4,0) + i (CS™*,0) > 1
Z (0,085 +7E(0,CSP*) >

the post-entry user surpluses (C'S4**, C'SP**) must satisfy CS4** > C'S4* and CSP** >

CSP*. Because of the continuity of the model in parameters, we obtain the statement.

. Take group-A optimal equilibrium (C'S4*, C AP*), which is also the equilibrium that min-
imizes the group-B user surplus. Let CS4** > CS4* and CSP* = C/’TS'B(C’SA**) + €,
where € > 0 is a sufficiently small positive number such that C/'EB(C'SA**) +e < CSP*.
Then, at (CS4*, CSP*),

Y ompCs o8P < 1,
Y ap(cst e8Py <1

i

This pair of (C'S4**, C'SP**) is consistent with entry of platform E with post-entry market

shares
np=1- Z~A(CSA**, OS5 > 0,

Then, the proof of Remark 4 implies that there exists a type of platform that is consis-
tent with (ng,nE) and (CS4**, C'SP**). Hence, there exists platform entry that induces
(CS4**, C'SP**) as an equilibrium outcome, and the lowest equilibrium group-B user sur-

plus is lower after the entry than the pre-entry level.

. Consider the entry of new platform E with characteristics (aq, ca, a2, cB). At any pre-

entry equilibrium user surpluses (C'S4, C'SP), we have
Z (0S4, CSPY + 7k (Csh, CSPYy =1+ bk (Csh, CSP) > 1

for k € {A,B}. Since nk(CS*,CSP) is decreasing in (CS4,CSP), CS* or CSP must
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be greater than the pre-entry level. Now, take the group-A optimal equilibrium user
surpluses (C'S4*, CSP*). Then, there must be a post-entry equilibrium user surpluses

(CS4** C'SP*) that satisfies CS4*™* > CS4* or CSP** > CSP* implying that maximal

group-A user surplus or minimal group-B user surplus increases with entry.
O

Proof of Fxample 1. Consider a symmetric duopoly prior to entry. Then, in the pre-entry
equilibrium, we have n* = nf* = 1/2, p — ¢ = 2(1 —a® — $B) > 0, and p? — P =
2(1 — a® — B4) > 0 regardless of the type of the platforms (v4, v5).

Now, suppose that the value of the post-entry aggregates is given by (H4**, H?**). Suppose
that the types of the entrant and incumbent platforms are such that incumbents obtain the
network sizes (n7,n?) and, thus, the entrant obtains (nga,n2) = (1 — 2n?,1 — 2nP) — the
existence of such types is guaranteed for any (n3,n?) € (0,1/2)? by Lemma 4.

Then, the post-entry equilibrium prices are given by

1 n?
A A A B''I
_ — 1— a4 —pBZL
Pr—¢r 1—nIA( n}“)7
1 1—2n4
B B A I
_ —— (1=aB =8
Pe =k an( 1—2n}9)

Hence, if

1—aP 1(1—a—p4
pol-af (_ﬁ>

B4 "y 1—aPf

holds, we have both p# — ¢ < 0 and p8 — ¢& < 0. Correspondingly, we have p? — ¢ < 0 and

pi — ¢4 < 0 by interchanging the labels of the two groups. O]
Proof of Proposition 8.

1. We show by example within the setting in Example 1. The pre-entry equilibrium profit
of the platform is given by

7 =ni(pf — ') + i’ (07 — )

)

:2—OZA—O{B—5A—BB.

Now consider entry that leads to the network sizes (n7, n?) for the two incumbents and

(n3,nB) = (1-2n7,1—2nP) for the entrant. When ny ~ 1/2 and n? ~ 0, the post-entry
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profit of each incumbent platform is given by

" = ni(p — ) +n7 (7 — cf)

A B A
ny A ny B ny B ny A
= 1-— - + 1-— —
g LS Al wee: L w1
BA
~1—at -2,
2

Hence, we have
A

HT—HDQQB+7+BB—1,
which is positive if o + 34/2 4+ 58 > 1.
2. In the proof of Proposition 6, we showed that II; is decreasing in (C'S4,C'S?). Hence,
for a change in the equilibrium value of (C'S4, CSP) leading to an increase of profit II;,

either C'S# or C'SP must decrease. This means that for entry to increase an incumbent

platform’s profit, the user surplus for one group must decrease.
m

Proof of Proposition 9. Consider a local change in a parameter that leads to a local change of
(dCSA,dCS®) to (CSA,CSB). Let lIx(CSA, CSP) be the post-entry profit of platform E as

a function of (C'S4, C'SB). Then, the free-entry condition can be written as
Mz(CS*, CSP) -~ K =0. (A.9)

In the last paragraph of the proof of Proposition 6, we showed that I1z(C'S4, C'S?) is strictly
decreasing in (C'S4,C'SP). Hence, applying the implicit function theorem to equation (A.9),

we have that

B oI
dc's™ _ _BCst _
8 Y
dCs4 Mg (CS4,CSB)=0 acrflsEB
which completes the proof. n

A.2. Platform compatibility

In this part of the appendix, we consider the effect of the degree of compatibility on market
outcomes and focus on settings in which there are only within-group network effects. Thus the
two groups operate independently and we can focus our attention on group A. Partial com-
patibility implies that a fraction A of network effects are industry-wide. Partial compatibility

is gained if some of the functionalities are available to all users, not only those on the same
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platform, but also those on competing platforms. An example of a regulatory intervention with
that goal is Article 7 in the Digital Markets Act (DMA) in the European Union. According
to this regulation, a gatekeeper of a number-independent interpersonal communications service
must “make the basic functionalities of its number-independent interpersonal communications
services interoperable with the number-independent interpersonal communications services of
another provider.”??

We can easily adopt the analysis of the base model to analyze the price equilibrium. Using

the first-order condition given by equation (7) adjusted by A, we obtain

A aA oA

i i A

which implicitly defines a solution h;(H#; \). We note that, as \ increases, the right-hand side
decreases. This implies that an increase in compatibility pushes the function h;(-; \) downward.
Since this holds for all functions h;, ¢ € {1,..., M}, it must be that the equilibrium aggregate
H* decreases in \.

We know that if a! — ¢t > af - c]A platform ¢ has a larger market share than platform j.
How does the relative market size n:'/ nf change as compatibility increases? From equation
(A.10) we see that h; receives a stronger downward push than h; as compatibility increases.
This tends to reduce the market size asymmetry between firms. Also the equilibrium value of
the aggregate changes in compatibility: because of the downward shift, the equilibrium value
of H* must decrease.

We now take a closer look at the model to answer the question of how a change in the degree
of compatibility affects market shares. Denoting a4 := a®(1 — )), the first-order condition

(A.10) can be rewritten as

HA — p
A (af =+ (1—a)logh') — (1 —a") =0
or, equivalently,
A
(1—n) (1 f’&A —logn?* — logHA) —-1=0

This defines platform i’s market share as a function of the aggregate n'(H*), which has slope

1—n4

~A _ q
dn; o HA
17

JHA ; v < 0.
1—niA + nf‘

25The provision applies only to gatekeeper platforms and interoperability has to be offered upon the request of
another provider. As a caveat, our model does not accommodate the situation that some but not all of the
competing providers ask for interoperability.
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The equilibrium condition for H4 is 32, #(H4) = 1. We obtain the result that lower-quality

platforms gain market share when the degree of compatibility is increased, while higher-quality
platforms lose. In other words, industry concentration (e.g., measured by the HHI) goes down.

This is formally stated in the following proposition.

Proposition A.1. Supppose that B4 = B8 = 0 and order platforms such that vf < vﬁrl for all
je{l,...,M —1}. Then an increase in the degree of compatibility \ affects market shares as
follows: there exists a critical platform j € {1,..., M — 1} such that for all j > J market share
decreases (dn*/d\ < 0), and for all j < j market share (weakly) increases (dni*/d\ > 0,

where the inequality must be strict for j =1 and for all j < j with vf < vf).

Proof. The market share of platform i changes with &

~A T _Z~A
R

k3

dnt v 1—n
1—

A
L

HAvA  ond
(1—a4)2 9HA

The aggregate H4* changes with & as follows:

M ond

dH* T Zi:l 964

dad ZM o
i=1 9HA

ZM HAvA  ondt

i=1 (I—aA)2 OHA

M onf
2im1

We have

dn* o N dH** ond
dad  9ar  daA OHA

B _a%f'( HAvA dHA*>

- oHA | \(1-a4)?  dat
ety [ S v [—SZZ}
o " o
Comd] ma (St =) 5]
= i afA_ (1_&A)2 Z]‘l\il [_(;yz_a]
>

Therefore, there exists a critical platform ;7 < M — 1 such that for all j > j, dnf* Jda? > 0,
and for all j < j with dnj‘* /da? < 0. This last inequality must be strict for 5 = 1. It must
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also be strict for all j < j in platform oligopoly provided that U]A < vjf‘. Since an increase in

the degree of compatibility implies a decrease in G*, the result follows. O

Prices are determined according to Lemma 1 through p! = a! — [1 — (1 — A)a?]log h'. In-
creased compatibility leads to a downward shift of h:* and the equilibrium value of the aggregate
decreases. More compatibility reduces the equilibrium value of hi'. However, a larger \ leads
to an increase of [1 — (1 — A)al], which points in the opposite direction to k.

User surplus is [1 — (1 — A)a?] log H#. The term in square brackets increases in the degree of
compatibility A\, which captures the direct effect of increased compatibility on user surplus. By
contrast, as just shown, H4 decreases. The decrease in H* captures the strategic effect that
an increase in partial compatibility causes the platforms to compete less intensely for users.

Consider the special case of symmetric platforms, implying that hf'/H4 = 1/M. The first-

order condition can then be rewritten as

A_ A
a’ —c
- +log M —

log H' = —————
©8 1—(1—Na

M-1

Thus, user surplus can be expressed as

a — A1 — (1= Na (logM— M‘A{ 1) :

Under symmetry, welfare increases in the degree of compatibility if and only if log M > %
This implies that welfare decreases with compatibility if and only if M = 2 or M = 3, while it
increases for M > 4. With a sufficiently large number of platforms, the strategic effect is less
pronounced, and thus the direct effect dominates.?

When platforms are asymmetric, compatibility mitigates the asymmetry of market outcomes,
as observed in Proposition A.1. This gives rise to an additional effect pushing down the price
of large platforms. Naturally, this effect is strong when the asymmetry is large. To illustrate
the role of asymmetry, consider a duopoly. As shown above, in this case, the strategic effect
dominates under symmetry. In the following proposition, we establish that even under duopoly
an increase in the degree of compatibility lowers the price set by a larger platform and increases

user surplus if the asymmetry between platforms is sufficiently large.

26Starting with Katz and Shapiro (1985), earlier literature has looked at the welfare effect of (no versus full)
compatibility under Cournot competition; Amir, Evstigneev and Gama (2021) provides conditions under
which full compatibility leads to a larger consumer surplus than no compatibility. For an extension to two-
sided platforms, see Shekhar, Petropoulos, Van Alstyne and Parker (2022). Grilo, Shy and Thisse (2001)
provide an early analysis of price competition with direct network effects and product differentiation but
with a different focus.
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Proposition A.2. Suppose that 34 = B8 =0, M =2, and v{* < v3'. (1) There exists a critical
value A,u?t € (0,00) such that the equilibrium price set by platform 1, pi* decreases with \ if
and only if v —vs' > Ayt (2) There exists a critical value Acgv® € (0,00) such that the

equilibrium user surplus C'S4* increases with X if and only if v — vs! > Aggv?.

Proof. We first show Proposition A.2-2 and then show Proposition A.2-1. Here we make use
of a derivation in the proof of Proposition A.3 below, which does not rely on any of the results
obtained in the current proof.

Supposing that 84 = 3% = 0, we can simplify 24, which appears in equation (A.11) in the
proof of Proposition A.3, to

AvA

1 1
—logn® — log(1 — n)] — -

Q4 (ny!, Av?) =

- 1 1
= A — [logn —log(1 —ni)] — (—A - —A> ,

1—nit ny

where Av4 = vt — v and A9? := Av?/(1 — &*). The proof of Proposition A.3 shows that

the equilibrium market share of platform 1 is given by Q4(n#, Av#). Since 90— 1 and

IATA
o0t 1 1 1 1
ontt  ni 1-nd (1-ni)  (nf)
B 1 2(n)? —2nf 4+ 1
ni(l=ni)  (n{)*(1—ni)’
(ni)* —ni +1
(n{)?(1 = ni')>’
we can write
dni*  (ni)2(L = nf)?
dADA ()2 —nt 4+ 17
Next, noting that
N Av? 1
A LS BN
daA (1—-a4)? 1-a4
and
1— ~A
CSA =v — (1 —a*)logni — 1%,
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we have

o0 S 1 dn** 1 1
= ] A . A~A - -
R e S b {nf - nf)2}
= logni + ! n ((1 —nH)? + i) A2
1—-nf ()2 —nf+1
= logni + 1= nd A4

Since
1 1

AT A

AT =lognf — log(1 — nd') + [ e

we can write

oC 54
vl (1 —nM)logng + 2+ ni'log(1 —n).

When n{ = 1/2, the inequality

oC 54
daA

=—log2+2>0

holds. As nf! — 1, we have the limit result %CTSAM — —oo. Finally, since

9*C S A A 1—nf ni
—G&Aan‘f‘ - _ [lognl —log(1 —ng )} + o — 1 >

<0,

there exists a critical value nflg € (1/2,1) of the market share of platform 1 such that user

surplus is decreasing in a* if and only if nf* > ﬁﬁcs- Because n{* is increasing in A4,

which is increasing in Av#, there exists Aggv? > 0 such that dp{*/da* > 0 if and only if

vt — v > Aggv?. Because a4 is decreasing in \, we obtain Proposition A.2-2

Next, consider the impact of & on prices. Since pi' = }:—iz}, the effect of @* on the equilib-
1

rium prices is given by

dpi 1 A2
p} = — A+A@A A(nl)A
da 1-mn (n{')? —n{ +1
1 A2 A A 1 1 ()2 —nd +1
(nf‘)2—n‘{‘+1[<”1) (Ognl og( )+ T =
1 AN2 A A 1
~ oy (o (lom — ot =) = ) <1

The function

(n")? (logni' — log(1 — ni)) — nf
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has the derivative

A A A 4, (nd)?
2n; (logn1 —log(1 —nl)) +ni + i 1
—m
2nit —1
= ond (logn’l4 —log(1 — nf)) + @ni—1) 1 1 " ) >0
for all n{ > 1/2. Thus, there exists a critical value nf, € (1/2,1) of the market share of

platform 1 such that pi* is increasing in a* if and only if n{"* > a{ . Therefore, there exists

A,v? > 0 such that dpi*/da® > 0 if and only if v{! — vg > A v?. Because @* is decreasing in
A, we obtain Proposition A.2-1.
O

Our analysis has focused on the case with zero cross-group network effects. We take a
quick look at cross-group network effects when platforms are symmetric. When cross-group
network effects are positive, a group-k consumer’s utility from joining platform ¢ is given by
af —pF + (1= N)a*lognk 4+ (1= \)B¥lognt +F. Let &% := (1—A)a¥ and % := (1—\)B*. Then,

from the first-order condition and the fact that h¥/H* = 1/M, the symmetric equilibrium

M

77> Which is increasing

price-cost margin for group-k users is given by p* — c* = (1 —a* — A )
in A, as increased compatibility relaxes price competition between platforms.

The symmetric model allows us to obtain insights into which user group benefits from in-
creased compatibility. With partial compatibility, the expression for user surplus can be written

as
~ M

for k,1 € {A, B}, | # k. The derivative with respect to the degree of partial compatibility is

oCSH

=0k ) log M — (o + )

M-1

Given a large number of platforms, M, partial compatibility tends to be beneficial for users
in either group because an increase in compatibility has a strong direct effect on users by ex-
panding interaction possibilities within and across groups for the service features that become
compatible. The associated consumer benefit then dominates the loss from reduced price com-
petition. Considering group-k user surplus, we observe that increased compatibility tends to be
beneficial if 8% is large relative to 3!, [ # k. The group that experiences rather small benefits
from cross-group network effects tends to be harmed by increased compatibility.

To address the effect of compatibility on industry concentration under cross-group network

effects, we restrict attention to the duopoly case. In line with Proposition A.1, we establish
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that compatibility mitigates industry concentration even in the presence of cross-group network

effects.

Proposition A.3. Suppose that M = 2 and that v = a¥ — ¥ > ak — ck =: v for k € {A, B},
that is, platform 1 is more efficient than platform 2. Then, the equilibrium market share of

platform 1, n¥* decreases with the degree of compatibility .

Proof. Suppose that M = 2; that is, platforms are duopolists. Also suppose that v} := a¥—cb >
al — & =: v for k = A, B; that is, platform 1 is more efficient than platform 2 is. In this

setting, the equilibrium object can be summarized by (ni',n?), n§ =1 —n¥ for k € {A, B}.

Noting that, from the first-order conditions (A.5) and (A.6), we have

1 - nZ
—— (1-—a4—-pB2
( “ 5)

~ 1 ~ . nd
CSBzvf—(l—dB)lognzB+BBlogn§‘—1—3(1—&3— —)
— nk

CS4 = vt — (1 —a?)lognd + flogn? —

the equilibrium condition for the market share of platform 1, (ni',n?), is given by the system

of equations:

Q4(nf', ny’, Av?)

0
QP (ni',nt', Av?t) = 0

Y

where

- 1 ~.nB
QA(nd, nB AvY) = v — (1 —a?)lognf + fAlogn? — CSH — A (1 —at —ﬁ3%>
- m ny
A
- n ~ n
= vf‘—vf—(l—ozA)logn—z—i—ﬁAlog—

B

1

B

2 ny

1 ~nB 1 ~TLB

= (1_gr_pBL _ ~A Bl

l—n‘f‘( @ h nf)+1—nA< @ b n2A
+~

= Av?—(1—a") (logni —log(l —ni)) + " (logn —log(1 — nf))
1 ~,nb 1 ~nl—nb
— 1-a'-p"L ) +—(1-a"-p" - Al
1—n’14( “ 5n’14)+n‘14< a”=p 1—ng (A-11)

and QF(nd,nP, AvP) is analogously defined.

From Proposition 4, we know that any solution to this system of equations lies in (1/2,1)2.
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We can rewrite Q4 as

(! nf, Avt) = — (1= ) llog nf! — log(1 — ni!)] + Fflog nf — log(1 — nf)]
1 ~ -
— gy (- a1 = et - 1),

Thus, we have the partial derivatives with respect to ni' and n?:

o0t . 1 (2nf —1) - 5B(o. B
S P oI (it A e B ]
_2(1-a%)
nit (1 —ni')
- (n‘f‘)Q(ll— n{x)g [<1 - &A) [37114(1 - n‘f‘) + (2”14 - 1)2} + (QnA - 1)(2n1B - 1)53}
< —@Bﬁ%jaﬁu—aﬂp—nm<o.
o0 > 1 - b
of = a7

The partial derivative with respect to A is:

aQA _ OéA 10g < 77/14 ) o BA IOg ( nlB ) . aA(Qn‘f B 1) + 5B(2nlB B 1)

ox 1—ng 1—nP ni(1—ng)

To conduct comparative statics with respect to A, we can write

=) ) (=) ()
NN AN
oA 9Qf 90k 904

- +
dni 0N onf  OX On¥
A\ 904 908 904 90B
on{t onP onP ong

Therefore, once we establish that

o0t o0NE 904 90k
ongt onP  onP ong

> 0, (A.12)

we know that dni'/d\ < 0 and analogously dns /d\ < 0.
To show this, we write the left-hand side of inequality (A.12) as

004 00E 904008 7

onit onf  onf oni' ()AL — )2 (nP)2(1 — nf)?’
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where

Z, = [(1 — M B (1= nd) + (208 — 1)2] + (20 — 1)(2n? — 1)53}
x (1= %) 308 (1 = nf) + (2nf = 1)7] + (208 — 1)(2n — 1)34]
— [BAnt (L = nf) + 2870 (1 = nf)] |30 (1 = nf) + 2840t (1 = n)]
> [max{BA,BB}]z X Zs,

with

Zy = 3ni(l—nf)@nf = 17+ 308 (1 - n¥)(2nf — 17+ (20 — 120 — 1)

—2 [nf(l —n) —nB1 - n?)f .
Inequality (A.12) is satisfied if and only if Z; > 0.

Without loss of generality, suppose that, on the larger platform, there are weakly more

group-A users than group-B users, n{' > n¥ > 1/2. Then, we have

07,

P 4(2ny’ = D[y (1 = ny’) = ni' (1 = nd)]
1

+12n38 (1 — n)(2nP — 1) + 2nP — 1)(2nf — 1)? > 0.

Hence, if Zy > 0 at nP = 1/2, Z, > 0 for all n? € (1/2,n{']. At nP = 1/2, we have

3 11?
Z2|n113=1/2 = Z(Qn{l —1)? =2 {n‘f(l - 77/14) - ZJ
5— 167

8 9
where Z3 is defined as
Zs =011 = (2 =ni)(n))?].

Function Z3 has the first-order and second-order derivatives with respect to ni':

Y
=1 ()6~ and),
1
027
WA:’)’Q = —12n8(1 —nd) < 0.
1

Noting that 9Z5/0nft = 0 at n! = 1/2, Z3 is maximized at nf = 1/2 with maximum value
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Z3|pa=1/2 = 5/16. Hence, 5 — 1673 is minimized at nil = 1/2, with the minimum

(5—16Z3)| 0.

ni=1/2 —
This establishes that Z; > 0 for all ni' and n? € (1/2,n¢] and, thus, inequality (A.12) is
satisfied. ]

A.3. Supplementary material on partial market coverage

The main analysis also assumes that there is no outside option. We relax this assumption in

three different extensions.

A.3.1. Outside options subject to network effects

A straightforward way to introduce partial coverage is to assume that the outside option is also
subject to the same network effects and idiosyncratic taste shocks as the for-profit platforms.
This applies if choosing the outside option does not mean abstaining from the market but
choosing a non-commercial offer. In the case of software, this could be open-source software
that is provided free of charge. In the case of content platforms, this could a public platform
that is free of charge on both sides. Our model in Section 2 can easily accommodate such a free
platform by adding platform 0 that offers quality af to side k € {A, B} at zero price, p§ = 0.
The free platform 0 provides the utility

uf = ak + a*lognk + ¥ lognl + &k

for k € {A, B}. If instead the platform offers its services at fixed fees, af stands for the quality
net of the respective fee. With the same change of variables as for the strategic platforms
i € {1,..., M}, platform 0 then offers (hy', hY), which is independent of the choices offered
by the for-profit platforms, and we write H* = Z'f\i() hE. Our equilibrium characterization
of the participation game (Remark 1) and the existence of an ordered set of price equilibria

(Proposition 2) generalize to the introduction of such an outside option.

Equilibrium characterization and comparative statics We recall that group-% user surplus

depends linearly on log H* and log H',

0S4 = (1—a?)log H* — gt 1log H,
CSP = (1 —aP)logH? — pPlog H.
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Inverting this relation, we can write (H4, H?) as functions of (CS4, CSB):

log H* = 10 + 147057,
log H? =TBBCSP 4 1BAC sS4,

Hence, we can write the market share of the outside platform as a function of (C'S4, C'S®):

hA
Al A A B 0
ny (hy, OS7. OS7) = o Fiagga 1 TABCSE)’
hB
A B 0
no(ho', €5, C5%) = o Thmegs + T9igs)

This implies that the market shares of the outside option n&(hE, C'S4, CSP) is strictly decreasing
in 0S4 and OS® if g¥ > 0; it is strictly decreasing in C'S* and independent of C'SE if g* = 0.

The equilibrium condition for the user surpluses (C'S4, C'S®) is now written as

M
ng (hy', €S, CSP)+) " mMCSA, C8P) =1,
i=1
M
ng (he, CS*,CSP) + > nf(Cs*, C8P) =1
=1

The characterization results presented in Section 4 continue to hold.
Given the presence of an outside platform, it is possible examine the impact of the value

of the outside platform on the surplus of each user group. By applying the implicit function

theorem, we have that
zM 8ﬁiA ZM 8%{4 dOSA ané’
=0 \ 9CSA i=0 \ 9CSB dhoz _ ohit
M onp ZM onp dcsB - 0
i=0 \ 9CSB dhg!

> im0 | soex

Applying this comparative statics result to extremal equilibria (i.e., the equilibrium user sur-
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pluses (C'S4* C'SP*) that maximize group-A or group-B user surplus), we obtain

ong M onP
dC 54 T ong [Zizo <8CSB -
dhg ZM ont ZM on ’
dot i=0 \ 9054 i=0 \ 9CSP
G\ o (o g (o
i=0 \ 9057 i=0 \ 9CSP
ong M onP
dcshs Ohit [Zi:O (805“‘)} <0
dhi M onf M onA =
det i=0 \ 9CSA i=0 \ 9CSB

M onPB M onPB
Zz‘:o dCSA Zz’:O oCSB

This shows that if the outside option becomes more attractive for group-k users, user surplus

of this group will increase, whereas user surplus of the other group will (weakly) decrease.

A.3.2. User opt-in

Another approach to introducing partial coverage is to postulate that users have heterogeneous
opportunity costs to become active and make the following sequential decisions: first, after
learning their opportunity cost of joining but before learning their idiosyncratic taste realization
for the different platforms, (¥, ..., &%), they decide whether to become active (e.g. by buying
the necessary hardware that enables them to install a software package) and, second, after
learning their taste realization they decide which platform to join (e.g. by buying one of the
competing software packages). We analyze the models in which users do not observe prices at
the first stage, but correctly predict equilibrium prices, given the parameters of the model);
they observe them at the second stage. Thus, the timing is as follows: At the first stage,
users decide whether to opt in and platforms set prices for each user group; at the second
stage, participating users, after observing prices and individual tastes regarding the different

platforms, decide which platform to join.?”

Given network sizes (n?,n?)M, and prices (p, pP)M,, the expected indirect utility of a

group-k user from opting in the market is given by C'S*, where

CS*(n,p) =E [ max {af — pf + o*lognf + B"logn} + £f'}

i=1,...,

o |30t )" ()

2TFor the analysis, it does not matter whether platforms set prices at the first stage or at an intermediate stage.
The analysis would need to be modified if platforms set prices first and users observed prices before deciding
whether to opt in. In this alternative, less tractable version, a platform’s price decision would affect overall
participation levels.
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for k,l € {A, B}, l # k.
The numbers of opting-in users are given by N* := Z;\il nf

for staying out of the market is given by af + ek, where € is drawn from a distribution

. The idiosyncratic taste shocks

function U* that has a density function ¥, leading to the mass of opting-in group-k users

Nk = pk <%> We assume that W¥(z) € [N* 1] for N* € (0,1) and that it is strictly

increasing in x for values of x such that W*(z) € (N* 1).28

We make the following assumption on the shapes of U4(-) and ¥B(.):

Assumption A.1. For k € {A, B}, the following inequality holds:

0" inf {\I’k(x)}>ak+ﬁk.

z€SuppPk @/)k(J/’)

Assumption A.2. For k,l € {A, B} andl # k,

l
ak+ﬁ<1.

Assumption A.1 ensures that the user participation equilibrium in the first stage is unique,

and Assumption A.2 is made to guarantee the existence of price equilibrium in any subgame

after users make their opt-in decisions.

Participation equilibrium First, consider the network size of platform i, (n?,n?), which

is given by the user mass (N4, NP) and the conditional choice probability (s, s?), where

st .= n /N4 and sP := nP /NP, respectively. Then, in the fulfilled expectation equilibrium,

we have

leading to the formula

sh =L (A.13)

28The lower bound N* is imposed in order to simplify the proof of equilibrium existence.
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Hence, we have

CS4 = atlog N4 + A1og NB + V4,
CSP = aPlog N8 + gPlog N4 + VB,

where

VA= (1-a")logH* — gt log HP,
VB .= (1—aP)log H? — P log HA.

Note that in the baseline model of the main text, we always have N4 = N® = 1, which gives
the identity C'S* = V¥,
The value of (N4, N®) in the fulfilled-expectation equilibrium are characterized by the system

of equations

Al NA Al NB A__ A

NA - A <O‘ g N7 + 5 ;f; v ao) = 0, (A.14)
Bl NB Bl NA VB— B

NB — g (a g N7+ 5 Hi;g il ao) = 0. (A.15)

We obtain the following characterization of participation equilibrium.

Proposition A.4. Under Assumption A.1, there exists a unique interior participation equilib-

rium with the following properties:

10" 17

1. Network size (nt,n?) is given by n¥* = N¥s¥ where NA(VA, VE) and NB(VA,VE) are
given by the solution to the system of equations (A.14) and (A.15);

2. N* is increasing in V* and V';
8. N¥ /N is increasing in V* and decreasing in V'.

Proof. Applying the implicit function theorem to the system of equations (A.14)-(A.15), we

obtain
¢A B"/}B

dN4 o (1 - (;_‘II_B>

dV A - (1_£ﬁ> (1_££> _ BABB pA B’
04 T 9B ©B 0498 WAYB

B A

NP 5" 55 g

dv4 (1_£ﬁ> (1_££> _ BABE pApE
04 U 08 U 0408 GAGB
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and

d (NNt N1 and 1
dVA \NB ~ NB\dVANA (JVANB

NA 1 A < _ wBaB+ﬁB>

NT 7 gx vEgp
a (1 _ ﬁﬁ) (1 _ ﬁﬁ) _ BABD pAyP
A WA 08 vB 0405 wAWE

Under Assumption A.1, all the terms are nonnegative.

For illustration, we consider a particular functional form of the distribution of &f.
Example A.1. If outside options are given by ab + 0%k, k € {A, B}, where
—00 with probability N*,
—ek (b ~ Exp(1)) with probability 1 — N*,

we have
E_ k
v (M) = Pr(CS* > ab + 0"<h)

ok
k_ ok
Zﬂk+(1—ﬂk)min{1,exp (%)}

and

() _ N* 4 (1= N explo)
V@) T (- M ew
> 1.

Price equilibrium In the pricing game played by platforms, they take user masses (N4, N¥)

as given, and maximize the profit

W= NASApE =)+ N2sP (P — )

)

hA
NAB;A[CL;4 —cf —(1 —aA)loghf‘jLBAlothB]
hB
—|—NB[_IZB[CLZB —cB — (1 —aP)loghP + pPlog b
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The partial derivative is given by

ol _ NA[(L_h_l)>(pf\_cg4)_1 o ]JFNB}% BBL

O HA ™ (HA:? HA HB" 7
N4 hi A A A B ophl HY
= WK HA)(pZ- —)—1+a + b HBh.A]‘
Define
5B
A(sh, sB, N4 /NP :(1—5;4) (af‘—cf—(1—aA)log5;-4+6AlogsZB—VA) 1+a? —i——ﬁB A
A /nB B\ (.B _ B B B | B A B N4 A;A
PB(sh sB NANB) .= (l—si)(ai—ci—(l—oz)logsi+ﬁ logsi—V) 1+a? +NB6 B

Lemma 3 and Assumption A.2 imply that 9. /9sF < 0, 98 /st > 0, and (91 /9s) (018 /0sP)—
(004/0sP) (018 /9s2) > 0. Furthermore, we have /X /O(N'/N¥) > 0. Hence, this gives the im-
plicit share functions s (VA VB N4/NB) and s2(VA, VB N4/NP) which are the same as

network size functions (7, n2) in the proof of Proposition 2, where 34 and 3? are replaced by

NABA/NE and NBBB/NA. We have ds¥/0(N*/N') < 0 and ds¥/o(N*/N*) > 0.
Accordingly, the equilibrium condition for V4, V&, given (N4, NB), is given by

sH(VAVE NANE) =1,

<
Il
—

M-

sP(VA VP NA/NP) =1.

M-

1

J

Proposition 2 implies that there exists a solution to the system of equations, and they are

ordered in the sense that for any two solutions (V4°, VB°) and (VA4°°, V) we have
(VAO o VAoo)(VBo . VBoo) < 0.

Let Vya,ys be the set of (VA VB) that satisfies the above equilibrium condition.
We turn to the condition under which (V4, V) constitutes a fulfilled-expectation equilib-
rium. The pair (V4 VP) constitutes a fulfilled-expectation equilibrium if (V4, V) € V(N4 /NP),

and
NA B NA(VA,VB)
NB NB(VA,VB)'

Let V) be the set of equilibrium values of (V4 V) for a given value of N4/N® = X and

(A.16)
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define

VANA/NE) = max{VA: (VA V5) € Vya,yn}
VANA/NP) := min{V* : (VA VP) € Vya,ys}.

Analogously, define VB(N A/NB) and VB(N4/NPB) accordingly.

By invoking the implicit function theorem, we have

o aim) =56~ (S acwirwm) (S acsr) (S avviem) (S o)

-

Sign (a(%;vm) =Sign{‘ (Z a(%%) ( %) " (Z MJ\?A;;VBQ ( %)}

-

Hence, VA(NA/NB) and VA(N4/NP) are decreasing functions, while V" (N4 /N?) and VB(N4/NB)
are increasing functions.
Define

NA(VA VE)
NB(VA VB)
VA= {V":3V” such that (V*,VP) e V}
VB = {V¥:3V* such that (V4 VP) e V}

V.= {(VA,VB) -3\ such that A\ = and (VA VP) ¢ VA} ;

We obtain the following characterization of the set of equilibrium values of (V4,V5).

Lemma A.1. The VA-mazimizing equilibrium is the VB-minimizing equilibrium. Formally, if
(VA VB*) € V satisfies

for all VA € VA, then
VB* S VB

for all VB € VB. Similarly, the VB-mazimizing equilibrium is the VA-minimizing equilibrium.
Proof. Define (E4, EB) := (VA —V5B), and define

NA(EA, —EP)

A By . _
NEY B i= S5y
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Then, A(+,-) is an increasing function. Next, define ¢ as
O(EA, EP) = {(e?,eP) : (e, —eP) e VINEA, EP)}.
Define ® and @ by

EP) = sup ®(E4, EP) = (V' (A(E*, EP)), ~VP(A(E*, EP))), and

(B4,
(B, EB) = inf O(E4, EB) = (VANEA, EB)), -V (ME4, EB))).
Because A is increasing in (E4, EZ) and (VA()\),KA()\)) and (—VB
in \, both ® and ® are decreasing in (E4, EP).

Let E = (EA, EB) be the solution to

(A), =VE(\)) are decreasing

(EA EP) = ®(EA EP).
Because ®(F) is a decreasing function, we have
E=sup{F:®(E)>E}.
Hence, for any E = (E4, EP) such that E € ®(F),
E<®E)<E,

which implies that for any equilibrium (V4,V?) € V, we have

VA<E" = VA*,

VB> _E” = vB*

Hence, the VA-maximizing equilibrium is the VZ-minimizing equilibrium. Similarly, we can
show that the VA-minimizing equilibrium is the VZ-maximizing equilibrium. O

However, for the ranking of equilibria, the variable of interest is user surplus C'S* of each
group k € {A, B} and not V*.

Proposition A.5. Let @ := max {aA, ozB}, B = max {BA, BB}, and @ := min {9‘4, QB}. There
exists n > 0 such that if

V) sop Poi) | manlm ) r0)

oo
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then the C'SA-mazimal equilibrium is the C'S®-minimal equilibrium and the C'S4-minimal equi-

librium is the C'SP-mazimal equilibrium.

Proof. Suppose that condition (PC) holds. The result follows from Lemma A.1 if we can
show that the V*-maximizing (resp. V*-minimizing) equilibrium is the C'S*-maximal (resp.

CS*-minimal) equilibrium. This is done in the following. Recalling that

A
AN (1)
AVA < a_¢_> < oc_£> BABB pAyB
A A QB B QAQB \IIA\I/B
B
dNB pBYy
dVA < og_’([)_) < ﬁﬂ) 6ABB AwB ’
A A B B QAQB lIIA\I/B
we have
dC sS4 AdNA 1 dNE 1
=2 — 4B >
ava +f)‘ wANA T qyays 2 b
>0 >0
acst  4dNA 1 N EAdNBL
avs Y QUBNA dVB NB
BA Sy
0
T 1 _atut aBul 5737 g | at B P
0A A 0B B 0A9B YAYB A vA 9B ¢B
B Gogm
< yBgB
— 1_££_£w5_ﬁAﬂB¢Aw5
0A U 9B UB 9A9B VAYB
n
< —_
— 1-2np—9n?

Therefore, for any (VA1 VPY) and (VA% V52) such that VA > V42 and VB < VB2 the
associated user surpluses (C'S4!, C'SPY) and (C'S42, CSB?) satisfy

n
CSAl . CSA2 > VAI . VA2 o VB2 . VBl L > 0,
n
OSB2 . CsBl > VB2 o VBl o VAI o VA2 L > 07
when 7 is sufficiently small. O

In the following remark we show that the condition stated in the previous proposition can
indeed be satisfied.

Remark A.l. In the setting of Example A.1, if CS* > af, then Uk (%) =1 and
ok (CS ‘“0) — 0. IfCOS* < ab, then U (CS ‘“0) = N* 4 (1 — N*)exp[(CS* — ab)/6%]
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and

Y (z) 1

= < L.
Uk(z) 14 % exp (—x)

Hence, the condition stated in Proposition A.5 holds if max {@,B} /0 < n, which is satisfied
for 8 sufficiently large.

Decentralization result and equilibrium characterization We state a generalized version of
Remark 4.

Remark A.2. For any pair of (VA,VP) and network sizes (n,nP)M, such that M, nit €
N4, 1] and Zf\il nP € [NP 1], there exist a vector of types (v, vP)M | and a pair of (af,ad)
A pByM

such that (n,n;);" is supported as a vector of equilibrium network sizes.

Because the shape of the implicit best reply functions h¥(H#, H?) remains unchanged, all

the results obtained in Section 4 remain unchanged.

Comparative statics: case of network goods Consider the welfare effect of an increase in

the value of outside options aj' on user surplus. When 84 = 3% = 0, we can show that the

equilibrium aggregate H** is independent of N*. Hence, the equilibrium condition for N* is

NF gk (aklogN’“—i— (1 — a*)log H* —a’{j)

ek

which implicitly defines a unique solution N*** if

OZA Q,DA
1—07@ > 0. (A.17)
Overall group-k user surplus is given by
csk—_ag
o
TOS*(CS* af) = af + OE[eh] + / OV (z)dw

Hence, as comparative statics, we have

dTC 5" L (CSF — ak L (CS*—ak\ dC Sk
o () () 5
0
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where

dcst  of %

kT Nk kogk
dag NFp— et

Remark A.3. In the setting of Example A.1, there exist parameter constellations such that an

increase in af reduces the overall user surplus.

Proof. When W*(z) = exp(z), we have that 1*/¥* = 1 and, thus, using inequality (A.17),
equilibrium uniqueness is guaranteed if 1 — o*/6% > 0, which is equivalent to 6% > o*.

As for the comparative statics, we have

k k
%ﬁ = i (A.18)
In our example,
dTCS* —1—exp (CS’“—a’S) o* _
daf oF Ok — ok
Hence, dT'C'S*/daf < 0 holds for given C'S* when o* is sufficiently close to 6*. O

A.3.3. Outside options with fixed values

We return to the setting in which users first observe prices and simultaneously decide whether
and, if so, which platform to join. However, the outside option does not feature network effects.
More specifically, suppose that each group-k consumer has an outside option with value af +¢f,
where gf is drawn from an ii.d. type-I extreme-value distribution. In the following, we use

yb := exp(af) as a primitive.

Participation equilibrium Let ¢*(H*, H?) and ¢®(H#, H?) be the (unique) solution to the

system of equations

log¢A — o/‘log(yé4 A HA) — ﬁ“‘log(yé3 B4 HB) = 0,
log ¢” — P log(yg ¢” + H”) — " log(yg'¢™ + H) = 0.

Then, the demand for platforms in a partially covered market are characterized as follows.

Proposition A.6. In the unique interior participation equilibrium, the demand for platform i
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1s given by the functions

hA
A A A B 3
ApA g4 gy = — 1 A.19
nz ( 1 ) ) f[f(HA7 E[B)’ ( )
B(1 B A B hB
S(hy HY H”) = ————r. A2
n; ( 70 ’ ) F[f(F[A, H—B) ( 0)

where
H{(HA, HY) = yg o™ (HY, HP) + H,
HY(HY, HP) o=y ¢ (H*, HP) + H,
are the augmented aggregates.

Proof. Group-k demand of platform ¢ is implicitly defined by

hE(pk pl
= klgpzl;pl)l k(p)’ (4.21)
H0i<y07ni ) niapi 7pz) + H (p)

where

pexp[(T* — 1)(af — pf) + T (a; — p})]

ng(ygunf7ni7pfapi) = Yo (nk)ak<nl)lglc
hk
_ i . (A.22)

Yo exp(alF — pF) (nF)e" (n)#*

Equations (A.21) and (A.22), along with the fact that nf/n¥ = hf/h% implies that Hg, = Hg;
for all 4,5 € {1,...,M}. This implies that there exist ¢*, k € {A, B}, such that HE. = yb¢F
and

exp[(T* — 1)(ay — pf) + T (a; — pj)]
()" ()"

for all k € {A,B} and i € {1..., M}. These equations can be rewritten as

= ¢k7

o logn + 4 logn? +log ¢ — (I'* — 1)(af 0
oPlogn? + B8 logn;4 +log ¢P — (I'BB — 1)(a? — pP) — I‘BA(a;4 —pf) =0.
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Solving for this system of equations, we obtain

ognd — B log ¢P — aPlog ¢*
ogn; = adaB — ﬁAﬁB
N [aB(T44 — 1) — AT B4 (0 — pft) N [aPTAP — p4TPP — 1)] exp(a) — pP)
aAaB — GARE aAaB — GARE
BAlog ¢ — P log ¢

_ A
= logh + ol gAgE (A.23)
where we used the relations
B(TAA ApBA _ oB((1 - af)a? + pApP) — pAp" /A B A nByPAA
@ <F _1)_ﬁ r - (].—OéA)(]_—OéB)—ﬁABB —(Oé «Q _ﬁ ﬁ )F )
A A\ - B AQB
BAB ATBB - = B(1—a®)a” +B4B°] 4 p A oB\TAB
a”l _(ﬁ r _1)_ (1—0(A)<1—OéB)—ﬁAﬁB _(a a” = p7p )F )
to obtain equation (A.23). Similarly, we have
Bl A Al B
logn? =logh? + f7log” —a’ log¢ (A.24)

aAaB — GARE
From the equation HE. = y¥¢”*, equation (A.21) can be rewritten as

M
Coybek + HE

Hence, we can combine the equations

lognt = log hi* — log (y(;‘gbA + HA) ,
lognf = loghlB — log (y(]fqﬁB + HB) ,

with equations (A.23) and (A.24) to write the equations that determine the values of (¢, $¥)

as a function of (H4, HB):

A4, 0P, HA HB) =0,
fB(¢A7 ¢B7 HA? HB) = 07

where

A", 0%, HY HP) :=log ¢" — o log(yg' o™ + H*) — B log(yd ¢” + HP), (A.25)
2o, 0", 0 HP) :=log ¢® — P log(yF¢” + H?) — P log(yg' o™ + HY). (A.26)
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Next we show that the system of equations (A.25) and (A.26) has a unique solution. To do
so, we first show that, for any given ¢, there exists a unique value <;~5A(¢B ) that solves equation
(A.25). Then, we show that there exists a unique ¢ that solves fZ(¢*(¢?), $?) = 0. To show
the first statement, note that

lim f4(¢", 6% HA, H) = oo,

¢4 =0
A
1 AABHAHB—I 1 |: ¢ :|_A1 BB+HB: 7
¢A1£>noof (97, ¢ ) i log | gy B og(yP ¢ ) = o0
aft (et ¢" HY HP) 1 (1—oat)yge" + H!

=— 0
06" T R

which establishes the existence and uniqueness of ¢*(¢”) € (0,00). Note that

~ afA A__y5o”
" _af:ﬁ ot B spom e ¢A
ObB At pB 4 a4yt 4B
¢ 9% “l-a y0:¥¢A+HA ¢

and limys_, [95‘4@53 )} = oo. Furthermore, by using I’'Hopital’s rule, we obtain that

R AN £ 2 ) A 4 2T A B¢BiBHB
ab]lglinoo( OB )‘(t}glinoo( D67 >—¢£1g100< Ry )1 T

A¢A+HA

This implies that lim(bs_)OO[QNSA(qSB )/¢B] = 0.
Next, we show the existence and the uniqueness of the value ¢ that solves f? (éA(QSB), oP) =

0. First, we have

L U G S SN A PR (A.27)
dg?P PP yfoP + HE 098" yioA + HA '
BB g o™ vo ¢
_ Ly g W07 ppga i (A.28)
= BB . B A A :
P o' 9P + HP L= ot
0, (A.29)

from the assumption that 1 — ay > f! for k,l = {A, B}, | # k. We also have
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lim fA<q~5A(¢B)7¢B> = =00,

¢B—0
~ (bB
lim FABA(B), 4P) = lim log — y
¢B—00 ¢B—00 _(yOB¢B+HB)0¢ <y64¢A<¢B)+HB)
[ —aB_pB 5\ BB . i .
o | () (e ) 5w\
$P =00 (&)™ ()™ vy o8 + HP oA (¢B) + HP

= 0.

Hence, we have the unique solution to the equation fZ(¢4(¢?), ¢?) = 0. Let ¢(H*, H?) and
¢P(HP, H*) be the solution to this system of equations.

Group-k demand of platform ¢ is now written as

hE
ki1 A H’A F[B 7
ni (hi' ’ ) Hﬁ(HA,HB)’

which completes the proof. O

Note that this extension nests as special cases (i) the standard logit demand oligopoly model
with an outside option (i.e., no network effects) and (ii) our main model (i.e., no outside
option).?

User surplus in the interior participation equilibrium is given by

C5* = log <y5‘ + 3 explaf — pf><nf>a’“<nf>ﬁ’“)

J
= log(yg'¢™ + H") —log ¢*
= (1 —a™)log(yy'o™ + H*) — g4 log(yg o” + HP).

Therefore, group-k user surplus depend on (H4, H?) and (y§', y¥).

29 Absent network effects (i.e., a? = of = 4 = B = 0), we must have ¢* = ¢& = 1. Then, the demand is
exp(af‘—piA)
Y+ explat—pst)”

i is given by equation (3).

Absent the outside option (i.e., y5' = y& = 0), the demand for platform

given by n#t =
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Group-A demand for the outside option can be written as a function of C'S4:

nA — y64¢A(HAJHB)
O T YGA(HA, HP) 1 HA
A
_ Yo
exp(CS4)’

where we used the relation that C'S* = log(ys'¢* + HA) — log ¢ Similarly, we have

B B 3/(])3

To see how augmented aggregates (H#, H?) depend on the original aggregates (H*, H?),
recall that f4 and fP are defined in equations (A.25) and (A.26). Since

afA 1 A A oft A1l B
af;ﬁ—d)—,q(l—a no), aiﬁ——ﬁ PO
off _ B1,_ A ofE 1 B._B
quA__ﬂ ¢_An07 @¢B—¢_B(1_a n0)7
oft _ _ A oOfF _ _ B ng
OHA Wa OHA Wa

using the implicit function theorem, we obtain the derivatives

1 1—afnf 1
—ye \(1—atng)(1 = aPnf) — pABEngnE ’
afA 9fB | 9fB afA
0%  —oeaona T opn oA
A~ T 9fAafB  9fA ofB
OH 968 968 ~ 047 97
_¢° BPng
Yoot (1 —ang)(1 — aPng’) — BABPngng

Hence, we obtain the derivative of the augmented aggregates (H f,H P) with respect to the
original aggregates (H*, HP):
L) — v i),
OHA
OH}HA HP)  yito!
OHP Yo o8

To® (ny,ng),
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where

kk( A B 1 —a'ng

PO 0 T G 1 aPnfh) — Bl
kol

i (g ) = iy

(= and)(1 = aPnf) — FABPning

for k € {A, B}.

Price equilibrium The profit of platform i is given by

h hB
Hi — i hA hB . i hA hB .
Hf(HA,HB)[ ( 70 z) G ] HE(HA,HB)[ ( [ z) G ]

The partial derivative with respect to h# is given by

o,
on

1 oHY W PARA ) CA]_E1_QA
HY  oHA A ooHY R
hE B OHB KB

e O P ) — )

HB hX  OHA (HB)?

- lA{(l—FAA(nOA,nOB)n)[ AR BBy = —1+a?

H

hB HB B HB
s - T >j;—jH PP (i, hP) — ]}

The best response is characterized by the first-order conditions 9I1;/0h#* = 0 and 911;/0hP = 0.

In the baseline model without outside options, implicit best-response functions exist and
are uniquely determined by the first-order conditions. In this extension, we do not have the
analytical proof of the existence of the implicit best reply. Instead, we have the following

characterization of the best-response behaviors of the platforms.

Remark A.4. The market shares of the profit-mazximizing platform i, (2, nB) (presuming that

best Tesponses exist) are given as functions of user surpluses (C'S4, CS®B), implicitly defined by

the system of equations

1717

I
af —cF —CS* — (1 —a") lognf 4 BFlogn, = T nP ni(CS?),nf(CSP)) (1 —a - BZZ;)

nk

FT G B (C5Y.n(C5) (1- ol =

ol
(2
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where

1 —TY%(ng, nP)nt

T (A P nd,
(i, mg mo) = [1 — T4 (nd, nE |1 — TEB (g, n#)nP| — TEA (g, n8)T5B (nd, nf)ninP’
Y (pA nB nA nBy .= e (ng', ng )i
T T O A g )L — TP (gt ) )] — Do (g, n) TP (g, ng)nnf

fork,l € {A, B}, | #k.

Proof. The first-order condition OI1;/0h* = 0 implies that

1 B
A A BN BANY B B
A_ A 1 |1 _q, rsalo B _
pz Cz 1 o F(I?Anf |: ﬁ A + OA (pz Cl )
= b 1_0/1_53_1'
1 —T§Ans ni
rea pf B 1 nA n4
-0 1—a A_ PAB—O A A_ A
+1 T A A n; 1_FOBBniB|: - B P + b P =)

leading to the equation
(1 =T (1 —T8BnP) — T BndnE
(1 =Tg4nt)(1 = TF%nf)

1 1 A BB nzB + FOBAnzB nOB 1 B BA ’I’L?
= ————|(1—-a" = p"— — (1—a” =p"—|.
ST ) T T o

[pA (Rt hP) — ] (A.30)

17"

Similarly, the first-order condition 9I1;/Oh? = 0 leads to the equation

(1 =Tt (1 —TEBRB) — T8AT ) BntnB
(1 =Tg4nt)(1 - T§"n?)

— ; 1—OéB—BAﬁ + 1—‘OABA TL64 ].—OéA—ﬂBﬁ
1 —TPBnP nB (1 = TFBnB)(1 — T{4nt) nf ni

Equations (A.30) and (A.31) define the implicit best reply function, if it exists.

[pB(ht, hP) — P (A.31)

17"

Because of the relation

(1 —a®)loghf — BFloghl = (1 —a*)log HY — B¥log H. + (1 — a*)lognf — 8" logn!
= OS*+ (1 —a*)lognt — p"logn!

for k € {A, B}, the group-k price-cost margin p¥(h#, h?) — ¢ can be expressed as

pF(hA RB) — et = af — F — 0S% — (1 — a¥)lognF + pFnl.

17
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Using this relation and noting that nf = nk(CS*) for k € {A, B}, we can rearrange the first-
order conditions (A.30) and (A.31) to obtain the expression in Remark A.4.
O

The equilibrium conditions are

M

A
RACSA 08By + — Y0
;nz ( ) )+ eXp(C'SA) )
M yB
~B A B 0 :1
Zln (CS4,CS >+—exp(C’SB)

When y5t = y& = 0, the setting corresponds to the main model (i.e., the model without
outside options). Hence, a price equilibrium exists (Proposition 2), and the characterization
results of Section 4 hold. Because of continuity, these results carry over to this extension with

sufficiently unattractive outside options (i.e., (yi', y2) sufficiently small).
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